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The paper describes the validation of a dynamic model of a
planar robotic arm using gravity tests. The drive of the arm (fluid
muscles from the manufacturer Festo) was not activated during
gravity tests (for the test was used only gravitation of solid). The
measured data were obtained under the conditions that the
joint angle was from 20° to 40°, the measurements were
performed 10 times for each angle and at the same time
independent for both links. The dynamics simulation was
performed in the MATLAB® and Simulink environment, using the
created simulation scheme, which presented the dynamics of
the manipulator's arm with the inclusion of the friction
component. The simulation results were compared with the
measured data using two criteria (MAE - Mean Absolute Error
and Fgof - Goodness of Fit).
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INTRODUCTION

The ability to control the movement of manipulators is
conditioned by many aspects, e.g. detailed knowledge about its
properties, correct simulation of motion, or correct derivation of
the control algorithm. For simulating the motion (or also the
design of the control algorithm) it is important to take into
account the dynamic model. It is dynamic modeling (deriving
equations) that explicitly describes the relationship between
two basic parameters in the system, namely between motion
and force. Within dynamic modeling, there are two basic
approaches to how a dynamic model of manipulator can be
expressed, namely the Newton-Euler formulation or the EulerLagrange formulation. The Euler-Lagrange formulation
approaches the system as a whole and describes it based on
potential energy and kinetic energy. In contrast, the NewtonEuler formulation is more challenging because it describes each
term separately. The choice of method depends on many
factors, e.g. the number of degrees of freedom of the
manipulator, the topology of the placement of individual links
and joints in the manipulator, and others. More about these
methods is given in publications [Siciliano 2009] or in [Spong
2020].
Many researchers describe the issue of dynamics model of
manipulators at different stages of the solution (they take into
account friction, they take into account the dynamics of the arms
or of the actuator, etc.). However, in order to create a complex
dynamic model that would describe the system as much as
possible, it is necessary to proceed with the sequence. Research
in the field of dynamic modeling can be more complex and
lengthy depending on the system, so some researchers' works

do not include final dynamic models taking into account all the
components, but parts of the research that are presented in
several works.
Very interesting look at the issue of dynamic model identification
for industrial robots - specifically for the KUKA robot is provided
in the article [Swevers 2007], where the aim was to predict the
torque joint in individual axes, while the predicted data were
compared with measured data. However, this article also
includes a part of the article devoted to the description of the
dynamic model.
The authors in the article [Pitel 2014] present a dynamic model
of actuators – pneumatic artificial muscles (PAMs), which form
the drive of the manipulator (1-DOF) described in the article.
They justify the need for the model by saying that the
characteristics of PAM are highly nonlinear. They used for
modeling various types of models compiled in the
Matlab/Simulink environment (simple geometric model,
Modified Hill’s model, and others). The simulation results were
compared with experimentally obtained data.
[Hosovsky 2014] describes experimental validation of a dynamic
model for a manipulator with 1-DOF actuated with one pair of
PAMs, where the dynamics of the system is controlled by
nonlinear differential equations. The same author in a later
publication [Hosovsky 2016] describes together with the team
dynamic characterization and simulation of the 2-DOF soft robot
arm, which is actuated by pneumatic artificial muscles. The
article includes knowledge about the research of the
manipulator arm dynamics, but also the dynamics of the
actuator. The results of the investigation are compared with the
system (measured data). The main goal of the research
described in the article was used to create a comprehensive
model of system dynamics that could be for the control phase.
Subsequently, a one year later, was published the authors' work
[Al-Qahtani 2017], which describes, among other things, the
dynamic model of a four-link robotic manipulator, the base of
which can be placed on the ground. As a drive was used in this
manipulator commonly used type of actuator –
electromotor.They used the Euler-Lagrange formulation to
describe the model.
Similar to the publication [Hosovsky 2016], where part of the
article is devoted to the description of the dynamics of the
manipulator's arm and the other part is devoted to the
description of the dynamics of the actuator, as well as in the
article [Leborne 2018]. The article describes dynamic modeling
and identification of the manipulator arm, which is intended for
use in specific conditions (underwater). The described
manipulator is specific in that it is a heterogeneous control
(different behavior in 3 joints).
The research described in this article is divided into 6 parts. After
the introduction, which includes, among other things,
publications that describe the dynamics and characteristics of
manipulators, the second part briefly describes the investigated
experimental system - planar robotic arm with 2 DOF and with
fluidic muscle, specifically its parts and its basic principle of
operation. The third part is devoted to basic knowledge in the
field of modeling the kinematic structures of planar arms with
two rotating joints. The fourth part describes the process of
measuring data (joint angle as a function of time) on an
experimental manipulator, and at the same time graphically
interprets the course of these measured data. The fifth part of
the article is devoted to the results of validation itself, and thus:
a description of the indicators of evaluation of simulation results
(Fgof and MAE), as well as the presentation of results in graphical
form and based on indicators. The last part of the article is a
summary - conclusion.
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EXPERIMENTAL SETUP

The object of the research is an experimental system - a planar
robotic arm with two degrees of freedom, shown in Figure 1. The
manipulator was assembled at the authors' workplace for
experiments that would simulate the conditions of its
application in industry, while the actuator of the manipulator
was chosen unconventional type of actuators - pneumatic
artificial muscles (PAM). Specifically, it is a modification of PAM
- fluid muscles from the manufacturer's FESTO.

Figure 2. The scheme of planar robotic arm with 2-DOF

Figure 1. The experimental system – planar robotic arm with 2-DOF
[Trojanova 2019]

The manipulator is divided into link 1 and link 2. The location of
the manipulator was chosen so that it could be placed on the
ceiling, and thus the upper arm of the manipulator is connected
to the upper base. A weight (load) is attached at the end of the
lower arm. The principle of operation of the manipulator is as
follows: the compressor blows the working medium into two
pairs of fluid muscles FESTO MAS-20; the contraction of the
muscle creates a tensile force, which, however, is transmitted as
torque due to the engagement of the joints, gears, and chains;
the resulting joint angle is sensed by an incremental encoder;
sensing and regulating the pressure in the muscles are provided
by pressure regulators. [Trojanova 2018]
3

DYNAMIC MATHEMATICAL MODEL OF THE SYSTEM

θ1

Joint 1 angle

θ2

Joint 2 angle

m1

Link 1 mass

m2

Link 2 mass

l1

Link 1 length

l2

Link 2 length

c1

Link 1 center of mass

c2

Link 2 center of mass

τ1

Joint 1 generalized force

τ2

Joint 2 generalized force

I1

Link 1 moment of inertia
about axis z

I2

Link 2 moment of inertia
about axis z

fc1

Viscous friction
coefficient in joint 1

fc2

Viscous friction
coefficient in joint 2

fd1

Coulomb friction
magnitude in joint 1

fd2

Coulomb friction
magnitude in joint 2

g

Gravity constant

F

Friction term

G

Gravity term

τ

Generalized force term

Table 1. Overview of parameters listed in the dynamic model

To define a dynamic mathematical model of the kinematic
structure of a planar arm with two rotating joints, the Lagrangian
dynamic model presented in the literature [Kelly 2005] was used,
where Equation 1 represents a general formulation of arm
dynamics. The equations of motion for the link 1 and link 2 in the
extended form are given in equation 2 (joint 1 generalized force
τ1) and in equation 3 (joint 2 generalized force τ2).

The system described in the previous section represents a planar
arm with two rotating joints, which is the most basic kinematic
structure of manipulators. Figure 2 is a diagram of such a
kinematic structure. To describe the dynamics of the
manipulator's arm using a mathematical model, it is necessary
to define the most basic parameters of the kinematic structure.
An overview of the parameters used in the diagram, but also the
mathematical formulation, is contained in Table 1.

𝑀(𝜃)𝜃̈ + 𝐶(𝜃, 𝜃̇)𝜃̇ + 𝐺(𝜃) = 𝜏
𝜏1 = [𝑚1 𝑐1 2 + 𝑚2 𝑙1 + 𝑚2 𝑐2 2 ]𝜃1̈
+[2𝑚2 𝑙1 𝑐2 𝑐𝑜𝑠𝜃2 + 𝐼1 + 𝐼2 ]𝜃1̈
+[𝑚2 𝑐2 2 + 𝑚2 𝑙1 𝑐2 𝑐𝑜𝑠𝜃2 + 𝐼2 ]𝜃2̈

(2)
2

−2𝑚2 𝑙1 𝑐2 𝑠𝑖𝑛𝜃2 𝜃1̇ 𝜃2̇ − 𝑚2 𝑙1 𝑐2 𝑠𝑖𝑛𝜃2 𝜃2̇
+[𝑚1 𝑐1 + 𝑚2 𝑙1 ]𝑔𝑠𝑖𝑛𝜃1 + 𝑚2 𝑔𝑐2 𝑠𝑖𝑛(𝜃1 + 𝜃2 )
𝜏2 = [𝑚2 𝑐2 2 + 𝑚2 𝑙1 𝑐2 𝑐𝑜𝑠𝜃2 + 𝐼2 ]𝜃1̈
+[𝑚2 𝑐2 2 + 𝐼2 ]𝜃2̈ + 𝑚2 𝑙1 𝑐2 𝑠𝑖𝑛𝜃2 𝜃1̇
+𝑚2 𝑔𝑐2 sin(𝜃1 + 𝜃2 )
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(1)

2

2

(3)

The parameter τ in general (respectively τ1 and τ2) does not
directly describe the torque of the drive, because it does not
involve friction in the joints. These are just terms of force.
However, the simulations were performed with a friction term F,
so equation 1 needs to be supplemented. The resulting shape of
the dynamic mathematical model of the described arm is
therefore equation 4. Since the muscles were not activated
during data measurement, the dynamics of these actuators were
not considered in the simulations, only the gravity of the solids
was used.
𝑀(𝜃)𝜃̈ + 𝐶(𝜃, 𝜃̇)𝜃̇ + 𝐺(𝜃) + 𝐹(𝜃̇) = 𝜏

(4)

Friction term F is possible to detail describe by the next equation:
𝐹 = 𝑠𝑔𝑛(𝜔) ∙ 𝑇𝑐 + 𝛽 ∙ 𝜔
where:
-

Figure 3. Measured values for link 1 and for the joint angle of 20°

(5)

ω represents the angular velocity in units [rad/s],

-

Tc is Coulomb friction magnitude in [N.m],

-

Β is Viscous friction coefficient in [N.m.s/rad].

The whole expression of Equation 5, that is on the right side of
the equation, is known as Coulomb and viscous friction.
[Papageorgiou 2020]
4

Figure 4. Measured values for link 1 and for the joint angle of 30°

MEASURED DATA

The monitored output parameter for the manipulator was the
joint angle. Using gravity tests, measurements were performed
to obtain waveforms of this parameter independently for the
link 1 and link 2 of the manipulator. During the tests, was initial
joint angle in range for each of the link in the range of 20° to 40°
in an interval of 10°. Within each joint angle, 10 measurements
were performed, and the courses of these measurements were
averaged.
The time at which the movement of the arm stabilized, and the
measurement was completed (the joint angle was equal to 0°)
was different, depending on the magnitude of the initial joint
angle:
-

The measurement time for a 20° initial joint angle for
both links was T1 = 16.315 s.

-

The measurement time for a 30° initial joint angle for
both links was T2 = 23.045 s.

-

The measurement time for a 40° initial joint angle for
both links was T3 = 26.995 s.

Figure 5. Measured values for link 1 and for the joint angle of 40°

Gravity tests within the link 1 showed that the joint angle had a
more even course over time with gradual stabilization at 0°, as
evidenced by the waveforms in Figure 3 - Figure 5. However, in
the link 2, it can be seen that converge to steady-state begins
only after overcoming the initial amplitude. (Figure 6 - Figure 8).

The time dependences of the joint angle (from measurement)
are presented by graphical dependencies. Each graph contains
the waveforms of 10 measurements for a given initial joint angle
(interpreted by curves of different colors) and one waveform of
the arithmetic average of these 10 measurements (interpreted
by a black curve marked as Average data).
For the link 1 were measured following waveforms:
-

Figure 3 - at an initial joint angle of 20°,

-

Figure 4 - at an initial joint angle of 30°,

-

Figure 5 - at an initial joint angle of 40°.

Figure 6. Measured values for link 2 and for the joint angle of 20°

For the link 2 were measured following waveforms:
-

Figure 6 - at an initial joint angle of 20°,

-

Figure 7 - at an initial joint angle of 30°,

-

Figure 8 - at an initial joint angle of 40°.
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The validation outputs were exported from the Simulink to the
Matlab environment in the form of matrices. Based on the
exported data, were processed the graphical waveforms of
simulated outputs, which were compared with the waveforms of
data processed from the measured data. Figure 9 - Figure 14
represents the time dependencies of the joint angle (initial joint
angle of 20°, 30°, and 40°), where the blue curve represents the
average data processed from the measurements, and the red
curve represents the model output from the simulation.
Figure 9 - Figure 11 are the time dependencies of the joint angle
for the link 1 at individual initial joint angles. It can be seen from
the figures that the model can highly simulate the output based
on the input parameters at all three examined joint angles
compared to the average of the measured data (approx. about
70-80%). The model obtained the best result at joint angle of 30°
(Figure 10).

Figure 7. Measured values for link 2 and for the joint angle of 30°

Figure 8. Measured values for link 2 and for the joint angle of 40°
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RESULTS OF VALIDATION FROM SIMULINK

The measured data were processed in the Matlab environment
and subsequently, a simulation scheme in the Simulink
environment was created for the validation process based on a
mathematical model (listed in the section Dynamic
mathematical model of the system). Geometric input
parameters were obtained from the CAD environment, where a
3D model of the system was made, the remaining parameters
were determined experimentally. An overview of these input
parameters with a designation, parameter size, and unit used is
given in Table 2. The designation of the parameters was given in
Table 1. A total of six simulations were performed:
-

two simulations for the link 1 and link 2 (separately),
for initial joint angle of 20°, when the simulation time
was T1 = 16.315 s;

-

two simulations for the link 1 and link 2 (separately),
for initial joint angle of 30°, when the simulation time
was T2 = 23.045 s;

-

two simulations for the link 1 and link 2 (separately),
for initial joint angle of 40°, when the simulation time
was T3 = 26.995 s.
Designation

Value

Unit

I1

0.240840

kg.m2

I2

0.056052

kg.m2

lc1

0.374094

m

lc2

0.193949

m

l1

0.538534

m

fc1

0.725102

N.m.s.rad-1

fd1

0.183334

N.m

fc2

0.235819

N.m.s.rad-1

fd2

0.187307

N.m

m1

8.866883

kg

m2

6.743220

kg

Figure 9. Time dependence of the joint angle of the link 1 for the
averaged system output and for the output data (initial joint angle 20°)

Figure 10. Time dependence of the joint angle of the link 1 for the
averaged system output and for the output data (initial joint angle 30°)

Figure 11. Time dependence of the joint angle of the link 1 for the
averaged system output and for the output data (initial joint angle 40°)

Table 2. Overview of values of input parameters of simulink model
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Figure 12 - Figure 14 represents the time dependencies of the
output parameter joint angle for the link 2 at individual initial
joint angles. Compared to the graphical interpretation of the link
1, it can be seen that the output of the link 2 is not as good as it
was with the link 1 (the reason may be oscillations as an
oscillating component, which is more pronounced in the link 2).
The agreement of the output of the link 2 in comparison with the
average of the measured data is somewhere in the range of 5070%, while based on graphical interpretation, the best result is
the output with a joint angle of 40° angle (Figure 14).

The second criterion chosen was the Mean Absolute Error (MAE)
indicator, expressed by equation 7. The numerical value
expresses the magnitude of the error that occurred as a result of
the simulation of the output compared to the measured values.
The smaller the value of the indicator, the smaller the error (the
desired state is for MAE = 0).
𝐹𝑔𝑜𝑓 =

√∑𝑛𝑗=1[𝑦𝑗 − 𝑦̂𝑗 ]

1−

2
2

× 100%

√∑𝑛𝑗=1 [𝑦𝑗 − 1 ∑𝑛𝑗=1 𝑦𝑗 ]
)
𝑛

(
𝑛
1
𝑀𝐴𝐸 = ∑ |𝑦𝑗 − 𝑦̂𝑗 |
𝑛
𝑗=1

(6)

(7)

Mathematical formulations of indicators contain the following
parameters: yj system output on the k-th sample, ŷj model
output on the k-th sample, n - number of samples.

Figure 12. Time dependence of the joint angle of the link 2 for the
averaged system output and for the output data (initial joint angle 20°)

The results of the validation based on the Fgof and MAE criteria
are shown in Table 3 for the link 1 and Table 4 for the link 2. The
output of the model achieved the best results for the link 1 based
on the MAE criterion with an initial joint angle of 30° when the
value of MAE = 1.0049. Based on the evaluation using the Fgof
criterion, the model output for the link 1 achieved the best result
when the joint angle was equal to 30° (agreement with the MAE
result), and thus Fgof = 81.28% (Table 3). For the link 2, the model
achieved the best result (Table 4) at a joint angle of 20°, when
MAE = 1.2399. When judging the link 2 based on the Fgof
parameter, the best result was when turning the joint by 40°
(Fgof = 71.07%).
Joint angle

MAE

Fgof

20°

1.0928

72.79%

30°

1.0049

81.28%

40°

1.7174

77.76%

Table 3. Overview of results of validation based on criteria MAE and F gof
for link 1
Figure 13. Time dependence of the joint angle of the link 2 for the
averaged system output and for the output data (initial joint angle 30°)

Joint angle

MAE

Fgof

20°

1.2399

52.20%

30°

1.5006

54.74%

40°

1.2571

71.07%

Table 4. Overview of results of validation based on criteria MAE and F gof
for link 2
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Figure 14. Time dependence of the joint angle of the link 1 for the
averaged system output and for the output data (initial joint angle 40°)

To compare the validation results, two criteria were chosen that
compare the outputs of the system with the outputs of the
model [Pal 2017]:
One of the criteria was the Goodness of Fit (Fgof) indicator,
expressed by equation 6. This figure represents the Normal Root
Mean Square Error (NRMSE) statistical indicator and compares
the extent to which the model output is identical to the system
output. The data has a percentage character, where Fgof=100%
represents a complete agreement of the simulation and
measurement results (desired state).

CONCLUSIONS

The main goal of the research described in this paper was to
validate the dynamic model of the manipulator's arm, using a
simulation scheme compiled in Simulink, based on a
mathematical model (listed in section 3), which also took into
account the friction component. From ten measurements within
one link and within the initial joint angle of 20°, 30°, and 40° (for
each angle and the link separately), were created the arithmetic
averages of these individual values from the measurements,
which were used for comparison with the simulation outputs.
Comparison of simulation results and averaged data was
performed based on Goodness Of Fit (Fgof) and Mean Absolute
Error (MAE) indicators.
Summary of results: For the link 1, the validation output
compared to the average of the measured values within the Fgof
indicator reached a value of 81.28%. For the mean absolute error
indicator, which represents the model error, the value of
MAE=1.0049. These best results were obtained for the link 1 at

MM SCIENCE JOURNAL I 2020 I DECEMBER
4214

a joint angle of 30°. The results for the link 2 were slightly worse
compared to the results for the link 1 but based on the courses
of the measured values and the possible oscillations present, the
deterioration of the results was expected. Thus, the simulation
results for the link 2 reached the value of the indicator
Fgof=71.07% at a joint n angle of 40° and MAE=1.2399 at an initial
joint angle of 20°. Taking into account the presented results, the
model sufficiently describes the dynamic behaviour of the
system under specified conditions and therefore will be applied
for further research (goal for future research - measuring a new
set of data where the manipulator drive will be activated by fluid
muscles and thus associated modification of the validation
scheme, which was created and tested in this research, about
the dynamics of the actuator.
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