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This paper deals with the kinematic and dynamic analysis of a
two-element robot model. We have solved the problem using
inverse kinematics. The result is the plotted trajectory of the
robot's end point along defined points of the robot's workspace.
The angular quantities computed are the rotation angle, angular
velocity and angular acceleration in each kinematic pair.
Furthermore, an inverse dynamics problem is solved. The
moments in the kinematic pairs are computed. Subsequently,
using the direct dynamics problem, the correctness of the
obtained solution is confirmed. The programs designed for the
simulation of dynamical systems - Matlab/Simulink and
SimMechanics - were used in the solution. The results are
presented in the form of graphs and tables.
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1 INTRODUCTION

Nowadays, we are experiencing a massive deployment of robots
in manufacturing processes. Industrial robots are composed of
bodies and form different kinds of kinematic chains. In most
cases, the mechanisms of robots and manipulators are open or
mixed kinematic chains. The two bodies of a robot kinematic
chain are connected to each other such that the motion of one
relative to the other is constrained, forming a kinematic pair.
They are connected to each other by a joint. In the case of
robots, we most often encounter translational or rotational
kinematic pairs. The authors [Smrcek 2003, Vagas 2011, Virgala
2012, Bozek 2014, Carbone 2016, Mikova 2016, Papacz 2018]
deal with the kinematics of robot mechanisms and similar
applications in their works.

Various analytical kinematic methods, geometric methods and
experimental methods are used in solving kinematics. Using
them, we obtain information about the kinematic quantities of
the system at the desired moment of the robot mechanism
operation. These methods are then complemented by computer
simulations of the many available programs, which by their
illustrative nature give more detailed and illustrative information
about the behavior of the robot mechanism in the
manufacturing process. The problem of computer simulation of
robots is discussed in the works of the authors [Kelemen 2014
and 2021, Semjon 2016 and 2020, Tedeschi 2015 and 2017,
Bozek 2021, Trojanova 2021].

In this paper, kinematic and dynamic analysis of a model of a
two-link robotic arm on a fixed base is performed. The two-link
manipulator arm has two members acting in rotational motion.
It is attached by a rotational linkage on the lower fixed part. The
solution of the problem was implemented in Matlab/Simulink.

The result of the solution is an analysis of the motion of the end
point of the manipulator arm. The waveforms of angular
quantities and driving moments in each kinematic pair were
obtained. The trajectory of the end point as a function of time
and other kinematic dependencies were determined.

The paper is a demonstration of the use of computer programs
in the kinematic and dynamic analysis of multi-link robotic
systems. The above-mentioned topic is also discussed by the
authors [Frankovsky 2013, Delyova 2014, Mikova 2014, Virgala
2014, Serrano 2015, Zidek 2018, Dyadyura 2021, Kelemenova
2021, Hroncova 2022a,b, Lestach 2022].

2 ANALYTICAL METHODS

The use of analytical methods, which include methods of analytic
geometry, tensor and matrix calculus, complex variables,
trigonometric, and vector methods, have been discussed in the
works of the authors [Holubek 2014, Garcia 2015, Saga 2018,
Ruzarovsky 2019, Tlach 2019, Virgala 2020 and 2022, Sincak
2021, Vagas 2022 and 2023, Zivcak 2023].

Nowadays, with the development of computer technology,
experimental methods linked with computer systems are used.
We can measure the motion parameters during the rewinding of
mechanisms, which increases the accuracy of measurements
which is the subject of, for example, the works [Hargas 2015,
Pirnik 2016, Simonova 2017, Kurylo 2018, Saga 2018 and 2020,
Sapietova 2018, Volak 2019, Nikitin 2020 and 2022, Peterka
2020, Pivarciova 2022, Mikova 2022].

Matrix methods, with their matrix notation, which is compact
and illustrative, are suitable for use in a computer environment.
They are the most used today. They are suitable for numerical
methods used on a computer. Kinematic analysis is discussed in
the works of [Hroncova 2019, Hunady 2019]. For kinematic and
dynamic analysis of robot structures, simulation programs such
as Matlab/Simulink are often used.

The following sections of the paper describe the construction of
a computer model and then the determination of the trajectory
of the robot's end member during its motion.

The inverse kinematics problem was solved first, followed by the
direct kinematics problem. In the next section, the inverse
problem of dynamics was solved. The solution of the problem is
shown on a simple model of a two-link robot, which was
executed in Matlab. The dynamics analysis also made use of the
Matlab extension Simulink with its SimMechanics library, which
was used to solve the inverse dynamics problem. Using it, we
determined the waveform of moments in kinematic pairs.

3 MODEL OF MANIPULATOR WITH TWO-LINK ARM

The theory of simple open kinematic chains has direct
application in the kinematic analysis of various manipulators and
robots, which are often made up of these chains. They can be
found as part of multi-link robots with a fixed base (Fig. 1a) or as
a superstructure on the chassis of a mobile manipulator (Fig. 1b).
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Figure 1. Two-link robotic arm a) on a fixed base, b) on a mobile chassis
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The mechanical system of the two-link manipulator in Fig. 2 is an
open kinematic chain. The example model of the two-link
robotic arm in Fig. 2 was created in MSC Adams View. The end
point motion trajectory for the two-link arm is plotted in Fig. 2a)
on a fixed base and in Fig. 2b) on a mobile chassis.
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Figure 2. Two-link robotic arm with trajectory of end point in MSC
Adams software a) on a fixed arm, b) on a mobile arm

The manipulator model in Fig. 3a) shows the possibilities of
moving the end point during the robot's working operation. In
Fig. 3b) the manipulator workspace is drawn.
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Figure 3. Two-link robotic arm a) in working positions K, L, M, N, b) in
various working positions

The next section of the paper describes the procedure for
plotting the trajectory of the end point at our selected points.
The workspace is also shown. We determined the waveform of
angular quantities at the joints of the manipulator and the
trajectory of the movement.

4 THE INVERSE KINEMATICS

We have been working on the solution of a two-arm robot with
arm lengths L; and L,. The arm is mounted on the fixed base
shown in Fig. 4. The rotational kinematic pairs are located at
points O; and Oy, with the rotation angle 8, of the first arm and
0, of the second arm. In solving the direct kinematic problem,
the kinematic equations (1) and (2) were determined for the
positions of the end point M [xy, ym] at known angles 8; and 6,:

Xy = LicosB; + Lycos(0; + 6,) (1)
Yy = Lysin®; + L,sin(0; + 6,) (2)
With the dimensions of the arms of the solved model L; =0.4 m
and L, =0.3 m. We have calculated the masses of the arms
m1=0.4 kg and m,=0.3 kg. The end point is marked as M. The
generalized coordinates describing the above body system are
g1= 6; and Q2= 6,. The coordinate systems of the two arms are
shown in Fig. 4. We investigated the motion of the end point M
with respect to the reference coordinate system Oq, Xo, Yo, Zo. The
member 1 to which the coordinate system Oi, X1, Y1, 21 is
associated performs a rotational motion with a rotation angle 6
about the zp = z; axis, where 81= 01(t), with respect to the
reference coordinate system. The coordinate system of the
second member O, X3, Y2, Z2is displaced in the x; axis direction
by a length L;. Member 2 then performs a rotational motion with
a rotation angle 6, about the O, = z, axis, where 82= 02(t). We
have determined the motion of point M on member 2 with
length L, with respect to the reference coordinate system
associated with base 0.

Figure 4. Mechanical system with 2 degrees of freedom and
generalized coordinates g1 and g2 (g1 =012 g2 = 6,)

Inverse kinematics refers to the opposite process of direct
kinematics. Given the desired location of the end point of the
robotic arm xv, ym, we needed to determine what the joint
rotation angles should be to place the end point of arm M at our
desired location. We used equations (1) and (2) again. Here there
is usually more than one solution. We can see this in Fig. 5.

My[Xm,Yu1

Figure 5. Mechanical system with 2 degrees of freedom and rotation
angles B10 a B0 for initial position of the arm and rotation angles 6*10 a
0%y for final position of the end point

This problem is a typical problem in robotic because we want to
achieve a certain position of the end member and for this, we
need to determine the angular quantities in the joints to control
the movement of the members.

We solved the problem of finding both angles 8; and 6, from
equations (1) and (2). The first angle 0, is between the first arm
and the base. The second angle 8, is between the first arm and
the second arm (Fig. 5). Thus, the motion of member 2 and its
point M is determined by the angles of rotation 6; and 65, the
angular velocities w1 and w,, and the angular accelerations oy
and a,. We have determined their magnitudes during the motion
of the end point M(t=0) from the initial position at time t=0 to
the final position of the end point Mj(t=fin) given at time t=tgp
according to Fig. 6.

Figure 6. Initial and final position of the point M

We calculated the angles of the arms at the initial position of the
Mo point xmo and ymo and the magnitudes of the angles 810 and
020. Then we determined the arm angles at the final position of
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point My Xm1ts and ymu and the angles 01 and 02t according to
Fig. 6.

We solved the problem while moving the end point of the
second arm, between points A, B, C, D and E, whose positions
are shown in Tab. 1.

Table 1. Coordinates xi, yi of the points A, B, C, D, E

- 0.3 0.4 0.4 0.3 0.3
- 0.4 0.3 0.3 0.4 0.4

By solving the system of equations for the initial and final
positions, we determined the corresponding angles of the
manipulator arms, which are given in Tab. 2.

Table 2. Respective angles in initial and final points A-B, B-C, C-D, D-E

-90° 0° 0° 90°
-16.26° -73.74° 73.74° 16.26°
90° -90° 90° -90°
-90° 90° -90° 90°
0° 0° 90° 90°
-73.74° 73.74° 16.26° 163.74°
-90° 90° -90° 90°
90° -90° 90° -90°

The values of angles 010, 020, O1tf, 02tf at the defined points A-B, B-
C, C-D, D-E, which we used below to plot the individual
trajectories, are shown in Tab. 3.

Table 3. Chosen angles in initial and final points A-B, B-C, C-D, D-E

- -90° -73.74° 73.74° 90°
90° 90° -90° -90°
-73.74° 0° 90° 163.74°
90° 90° -90° -90°

The trajectories along which the end point moved between our
defined points were determined by solving the direct kinematics.

5 THE FORWARD KINEMATICS

We considered the angle of rotation of arm 1 in the form of a
5th-order polynomial equation:

0,(t) = ayt® + ayt* + agt3 + ast? + ast + ag (3)
We have considered the angle of rotation of arm 2 in the form:
ez(t) = blts + b2t4 + b3t3 + b4,t2 + bst + b6 (4)

The magnitudes of the initial angles of the arms are known,
hence we determined the magnitudes of the coefficients:
ae= 01(t=0) and be= 02(t=0).

By deriving equations (3) and (4) with respect to time, we
obtained the angular velocity, and by further deriving it with
respect to time, we obtained the angular acceleration. The
magnitude of the angular velocity at the beginning and at the
end is zero. The same is true for the angular acceleration. Based
on this, we determined the magnitudes of the coefficients:
as= 0, as= 0, bs= 0, bs=0. By solving the system of equations, we
calculated the missing coefficients as, a;, a1, bs, b, and by, which
are listed in Tab. 4. Considering the position of arm 2 at the
defined points, the coefficients bs, b, and b; came out to be zero
as we expected. This is because the points were determined in
such a way that arm 2 relatives to arm 1 did not move.

We then obtained the trajectory for the angular values from
Tab. 3, moving the end point through the individual points with
the coordinates given in Tab. 1.

Table 4. Coeficients aj, bi of the equations (3) and (4), where i=1,2,3

0.0532 0.2413 0.0532 0.2413
-0.2661 -1.2066 -0.2661 -1.2066
0.3547 1.6088 0.3547 1.6088

The representation of the trajectory yi=f(x;) for i=1, 2, 3, 4 of the
end point movement from initial position in point A to final
position in point B and then from B to C, from C to D and from D
to E are shown in Fig. 7.
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Figure 7. Trajectory components of the end point movement from
initial position in point A to position in point B and from point B to point
C,C-D and D-E

The trajectory yi=f(xi) of the end point movement from the start
point A to the point B and then from B to C, C-D and D-E are
shown in Fig. 8.
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Figure 8. Trajectory components of the end point movement from
initial position in point A to position in point B and from point B to point
C,C-Dand D-E

The solvability of this problem must also be considered in the
workspace of the two manipulator arms. The workspace in Fig. 9
is affected by the arm lengths L; and L, and the working ranges
of each joint g1= 01 a q,= 62 for angles -90° < 01 < 165° and angle
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-90° < 02 <90°. In Fig. 9, the trajectory of the end point motion
between points A-B, B-C, C-D and D-E is shown in the workspace.

Workspace and trajectory
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Figure 9. Coordinates x-y for different combinations of 81 (-90° < 0; <
165°) and B2 (-90° < 8, £ 90°) and trajectory of the end point movement
from point A-B, B-C, C-D, D-E

A graphical representation of the kinematic quantities obtained
by this method is given in the following sections of the paper.

6 GRAPHIC REPRESENTATION OF KINEMATIC QUANTITIES

In the next step, we determined the angle of rotation 8; and 6,
of arm 1 (Link 1) and arm 2 (Link 2) when moving from the start
point A to the end point B, from point B to point C, from point C
to point D, and from point D to point E (Fig. 10).
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Figure 10. Rotation angles 61 and 6; of the Link 1 and Link 2 of
movement from initial point A to final point B (A-B), B-C, C-D, D-E

The magnitudes of the angle 8, of Link 2 when moving in each
section are given in degrees in Tab. 3. In Fig. 10, the same angle
magnitudes are shown as expected, but they are given in
radians. In section A-B, B-C the value is 8,=1.57 rad and in section
C-D, D-E in Fig. 12 the value is 8,=-1.57 rad, which is the same as
in Tab. 3.

Next, the plots of the kinematic parameters of angular velocity
and angular acceleration for the movement of the end point of
the arms are shown. We have determined the waveform of
angular velocity w; and angular acceleration a; of arm 1 when
moving from the start point A to the end point B, from point B to
point C, from point C to point D and from point D to point E in
Fig. 11.

The angular velocity w, and angular acceleration a5 are again
zero for each segment, as expected since the angle 6, is of
constant magnitude.
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Figure 11. Angular velocity wi and angular acceleration a of the Link 1
(arm 1) of movement from initial point A to final point B (A-B), B-C, C-D,
D-E

For the design of the actuators at the individual joints, we are
interested in the motion of the arms with the maximum load.
Therefore, we have chosen additional points A;, E; and E,. The
position of points A;, E; and E; was chosen to investigate the
motion of the arms with maximum load. The position of each
point is shown in Tab. 5.

Table 5. Coordinates xi , yi of the points Ay, Ey, E2

- 0.7 0.0 0.0
The values of angles 010, 020, B1tr, B¢ at the defined points A-A;,

A;-E1, Ei-E;, which we used below to plot the individual
trajectories, are shown in Tab. 6.

Table 6. Respective angles in initial and final points A-As, A1-Es, E1-E>2

- -90° -90° 180°
- 90° 0° 0°
- -90° 180° 180°
- 0° 0 180°

The plots of the position y=f(x) of the end point movement from

point A to A; and further A;-E;, E1-E; are shown in Fig. 12.
Trajectory
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Figure 12. Trajectory of the end point movement from point A-As, As-
Ei1, E1—E>

Coefficients aj, az, a3, by, by, bs of movement from initial point A
to final point A;, from point A; to point E; and from point E; to
E; are in Tab. 7. The positions of the end points at different
combinations of the angles 8; and 6, are shown in the next Fig.
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Table 7. Coeficients ai, bi

0 0.8836 0
0 -4.4179 0
0 5.8905 0
-0.2945 0 0.5890
1.4726 0 -2.9452
-1.9635 0 3.9270

The position of the end point and workspace for angle
constraints -90° < 8; < 180° and -175° £ 8, £ 175° during the
motion of the manipulator from point A to A;, A; to E;, and from
E; to E; with arms with lengths L;=0.4 m and L,=0.3 m are shown
in Fig. 13.

Workspace and trajectory

0.6
04}
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y [m]
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x [m]

Figure 13. Coordinates x-y for different combinations of angles 61 and
0 for angle constraint -90° < 81 < 180°, angle constraint -175° < 6 <
175° and trajectory from point A-A1, A1-E1, E1—E>

The rotation angle 8; and 6, with known trajectory of the end
point is shown in Fig. 14.
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Figure 14. Rotation angle 81 and 6; of the end point movement from
point A-As, Ai1-Es, E1—E>

Link 1, w, between A-A, Link 2, w, between A-A |

The angular velocity of arms with lengths L;=0.4 m and L,=0.3 m

is shown in Fig. 15.

The angular acceleration of arms with lengths L;=0.4 m and

L,=0.3 m is shown in Fig. 16.
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Figure 16. Angular accelerations a1 and a. of the end point movement
from point A—A1, Ai1-E1, E1—E>

The determined angular quantities shown in Figs. 14-16 were
subsequently used to solve the inverse dynamics problem and
determine the magnitude of the torques at the individual joints.

7 INVERSE AND FORWARD DYNAMICS

Our goal in this section was to determine the magnitude of the
torque or driving forces and the motion generators for the
desired motion of the robot end point. The analyzed manipulator
model (Fig. 4) was simulated in the Matlab add-on program -
SimMechanics.

Fig. 17 shows the applied action driving moments 11 and 1,
which were determined using the inverse dynamics problem.

Figure 17. Two-link robotic arm with joint torques 11 and T,

The equations of motion (5) of the dynamic system are written:
M(©)6+V(8,6)+G6®) =1 (5)
where

T — the vector of actuator torques, M(8) — the inertia matrix,
V(O, 9) —the Coriolis centripetal vector and G (8) = - the gravity
vector.

Equation (5) in our case of two-link manipulator represents a
system of two 2nd order differential equations.

The block diagram in SimMechanics for calculation of these
torques is in Fig. 18.
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Figure 15. Angular velocities w1 and w> of the end point movement

from point A—As, Ai1-E1, E1—E2
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Figure 18. SimMechanics block diagram for determining torques t; and
T2 in joint of member 1 (Link 1) and member 2 (Link 2)
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Verification of the accuracy of the calculation is possible by
substituting the obtained results into the forward dynamics
problem. The respective block diagram in SimMechanics is

shown in Fig. 19.
—& =7
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Workspace? Joint Sensor.
torquetk! sgr Jaint Initial Condition2 amouttkl
ToWarkspaced
oo, JomtACuator!  JointIntal Condtiont  Joit Sensart
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Figure 19. SimMechanics block diagram for determining the angular
motion produced by torques t1 and T2 in joints of member 1 and
member 2

The blocks IC (Initial Conditions) in Fig. 19 define the values of
the angles 019 a 8 at the beginning of the motion.

Results graphs of the joint torques 11 a T2 are shown in Figs. 20
to 23. Using SimMechanics in the Matlab/Simulink with the
inverse dynamic problem we obtained driving torques 1 a 12 in
Tab. 8 in respective joints of the manipulator for end point that
moves from start point A to end point B, from start point B to
end point C, C-D and D-E. Mass of the arm m;=0.4 kg, m,=0.3 kg.
Maximum torque magnitudes are t1 =2.5178 Nm and 7> = 0.4832
Nm (Fig. 20).

Table 8. Torques 11 and 12 in the joint when end point moves from A-B,
B-C, C-D, D-E

- 2.4643 2.5178 2.4645 2.5174
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Figure 20. Torques 11 and T of the joint, where m1=0.4 kg, m2=0.3 kg

Resulting torques 71 and t; of the mass of the arm m;=0.4 kg,
m,=0.3 kg for end point that moves from A-A;, A;-E1, Es-E; are
shown in Tab. 9 and Fig. 21. Maximum torque magnitudes are 11
=2.6992 Nm and 1 =0.5714 Nm.

Table 9. Torques 11 and 12 in the joint when the end point moves from A—
A1, Ai-E1, E:—E2, m1=0.4 kg, m2=0.3 kg

- 2.4896 2.6992 2.5272
- 0.4896 0.5714

Resulting torques 1; and 1, of the mass of the arm m;=0.4 kg,
m>=0.8 kg for end point that moves from A-A;, A1-E;, E;-E; are
shown in Tab. 10 and Fig. 22. Maximum torque magnitudes are
T3 =5.4665 Nm and 1, = 1.3261 Nm.
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Figure 21. Torques 11 and T2 of the joint, where m1=0.4kg, m,=0.3kg

Table 10. Torques 11 and T2 in the joint when end point moves from A-
A1, Ai1-E1, E1—E2, where m1=0.4kg, m»=0.8kg

[m 52402 5.4665 5.2762
- 1.2398 1.3261 1.2784
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__ 525 _ 13
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Figure 22. The torques ti, T2 in joint, m1=0.4 kg, m»=0.8 kg

Resulting torques 7; and 1; of the mass of the arm m;=0.4 kg,
m,=1.3 kg for end point that moves from A-A;, A;-E;, E1-E; are
shown in Tab. 11 and Fig. 23. Maximum torque magnitudes are
73 = 8.2338 Nm and 1, = 2.0808 Nm.

Table 11. Torque T1 and T2 of the joint when the end point moves from
A-A1, A1-E1, E1—E2, m1=0.4 kg, m2=1.3 kg

[E 79909 8.2338 8.0251
- 1.9900 2.0808 2.0280
Link 1, 7 between A-A1 Link 2, T, between A-A1
£ =
2 795 £ 195
R 71 o 2
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Figure 23. The torques t1, T2 in joint, m1=0.4 kg, m,=1.3 kg

The above methodology was used to determine the magnitudes
of the moments in the joints of both arms. Different trajectories
for the movement of the end point of the arms were chosen. As
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expected, the maximum values of the magnitudes of the
moments were obtained in the sections of motion with the
maximum unloading of the arms. As expected, the magnitude of
the moments also increased by increasing the load on the
second member.

CONCLUSIONS

In this paper, a procedure for solving the kinematics and
dynamics analysis of a two-link open kinematic chain robot was
presented. The solution was implemented in Matlab.

The paper dealt with inverse and direct kinematic problems. As
a result, the waveform of the rotation angle of both arms of the
model was obtained. Furthermore, the trajectory of the
manipulator end point was determined as it moved through the
defined points. Subsequently, the trajectories of the rotation
angle, angular velocity and angular acceleration of the two arms
were determined in the form of graphs.

By solving the inverse dynamics problem, the waveforms of the
moments in the kinematic pairs of arms 1 and arm 2 were
determined. The torques waveforms required to perform the
desired motion along the trajectory determined by the start and
end point were determined.

Matlab computer simulation capabilities were implemented on
a fixed base manipulator model. The simulation gives
instantaneous information about the magnitudes of the
parameters of the model being solved. The computer simulation
allows rapid change of the model parameters. Matlab program
is advantageously used to simulate the motion of mechanical
systems of industrial robots and manipulators. This presented
methodology provides a suitable tool for solving problems of
teaching but also for the needs of practice.
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