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This article considers the development of a mathematical 
model of electrochemical grinding for processing precision 
components operating at varying loads. The combination of 
processes (for example, the mechanical and electrochemical 
material removal processes) significantly improves operation 
control capabilities by increasing the number of control inputs 
and selected input variables. The results of the research are 
presented as evaluated based on the capacity of products 
manufactured using this grinding method. The conducted 
qualitative and quantitative assessments demonstrate the 
adequacy of mathematical models. The difference between 
experimental and calculated values made up 5-10%. The 
electrochemical grinding helps improve the operability of 
components operating at varying loads compared to 
mechanical grinding. 
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1 INTRODUCTION 

One of the key goals of mechanical engineering is to improve 
production processes based on complex automation and the 
development of automated production systems [Nemethova 
2018 & 2019] and software-controlled equipment [Pokorny 
2008, Kosinar 2011, Peterka 2020a]. This is especially relevant 
for the production of precision devices like accelerometers. The 
improvement of component processing efficiency for these 
devices is associated with the improved quality of surface 
processing [Peterka 2013]. These can only be achieved 
simultaneously by using new progressive processing methods 
and optimal production control [Reznikov 1977, Peterka 
2020b]. Consider the technical requirements and 
implementation possibility of these aspects using an example of 
accelerometer rockers, which is a flat component featuring 
complex configuration and profiled surface made with Quality 
classes 5-6 and surface roughness Ra = 0.16–0.8 μm. 
Conventionally, the products of these quality classes were 
produced using diamond grinding processing [Yakimov 1977]. 
The grinding of DA-9 accelerometer rockers requires a large 
amount of finishing operations and requires high workmanship 
from individual workers. The consistency of finished 
component quality is 13-15% of all processed components with 

each component requiring 1-3 hours to produce. The analysis 
of publications [Podurayev 1977, Bratan 2006] shows that one 
of the key aspects of controlled processing development is 
combined grinding in passivation media. In this case, the 
combination of processes significantly improves operation 
control capabilities by increasing the number of control inputs 
and selected input variables [Nikitin 2020, Peterka 2020c]. This 
formation method provides high processing precision (Quality 
classes 5-6) and low surface roughness (Ra = 0,16 um), lacks the 
majority of disadvantages typical of other finishing methods, 
and is the most efficient for the formation of precision surfaces. 
However, the further expansion of the application areas of this 
method is restricted by the lack of adequate physical and 
mathematical models. Thus, the purpose of this research work 
is to develop the mathematical models of surplus removal 
during combined grinding in passivation media. 
The problem with developing a rational control strategy is 
associated with the complexity of the physical processes 
involved in surface formation due to a large number of 
technological factors that can be used to change the 
parameters of this process. 

2 DESIGN OF MATHEMATICAL MODELS 

To produce a mathematical model for the calculation of 
material removal during anode-mechanical grinding, consider 
the interaction of the abrasive tool and the workpiece on the 
micro level when the electric field affects the processed surface 
and forms passivation films on it [Kuric 2022]. In the analysis, 
we consider the roughness of the surface formed during 
previous working runs. During the combined grinding, material 
removal can occur due to the anodic dissolution of the 

processed metal AQ , workpiece surface micro-cutting with 

tool grains MQ , metal removal due to electrical erosion EQ , 

and a combination of these processes. 

We can write the resulting subtraction in the form (1): 

EQQQQ MA                                                                      (1) 

We know that the anodic dissolution of metals during anode-
mechanical grinding is discrete in each local area of the anode 
surface. Because of this, the usage of impulse voltage does not 
improve the processing parameters compared to process 
voltage [Podurayev 1977]. Thus, in the analysis, we consider 
the impacts of direct current on the workpiece surface. 
Considering the design features of the research object, we 
selected plunge-cut grinding. This system stipulates that the 
processed surface can contact the grinding disk continuously. 
We know that an electrical field in passivation media like liquid 
glass or water solutions of NaNO3, Na2SO4, etc. leads to the 
formation of insoluble, high-impedance passivation films on the 
surface of the workpiece (anode) for the majority of metals and 
alloys, e.g., steels, beryllium bronzes, brasses, titanium, etc, 
which leads to the rate reduction (deceleration) of anodic 
dissolution of the metal from the maximum to zero. After the 
complete passivation with so-called Flade potential, the anodic 
dissolution of metal stops completely [Podurayev 1977]. The 
rate of anodic dissolution of metal in passivation media is in an 
exponential relationship with the processing time (see Fig. 1) 
and can be determined using the following expression: 

,)( )(   tecQ
                                               (2) 

where c is the instant linear rate of anodic metal dissolution, t 

is the given moment in time,   is the workpiece surface 

activation time, α is the passivation coefficient. 
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Figure 1. The dependency between anodic dissolution rate and 
processing time in passivation media 

Multiplying expression (2) by Sn and Dt, we get the removal 

caused by anodic metal dissolution on the elementary area: 

)],(exp[)()(   ttcSSQQ nnV
  (3) 

where Sn is the surface area of the elementary area. 

The local linear rate of anodic metal dissolution, in turn, can be 

calculated using the dependency [Podurayev 1977]: 

  ic Э ,      (4) 

Where 




j

j
Э c




100

 is the linear electrochemical equivalent of 

the alloy, 
jC  is the percentage content of a specific component 

in the alloy, j is the electrochemical equivalent of the 

component, i  is the current density,   is the current output. 

In anode-mechanical grinding, passivation is accompanied by 

abrasive tool impacts. The cutting of the elementary area N  

with the abrasive grains results in the local activation of the 

anodic surface, i.e., the elementary area gets an active zone 

after an abrasive grain pass, which results in the reduced 

polarization and the redistribution of voltage drop between the 

anodic area and the electrolyte layer. The negative shift of the 

potential activates metal dissolution but hampers other 

processes on the anode that require greater polarization 

values. This is manifested in the local current output increase 

 . Active dissolution lasts several uses and depends on the 

electrolyte composition and processed component material. 

The current density in the active zone (the area is cut) increases 

and drops in the passive zone (the area is not cut) due to the 

redistribution of equipotential and power lines of the electric 

field (see Fig. 2) that occurs due to the differences of anodic 

potentials in these zones. In this case, side reactions in the 

passive zone are reduced. Therefore, even when using 

passivation electrolytes, the total current output is close to 

one. For the same reason, as electrode voltage increases, the 

current output increases too [Podurayev 1977]. Consider that 

the 1  expression for the calculation of instant linear rate of 

anodic metal dissolution can be written down as ic Э . 

Assume that the real process is in line with the Ohm's law.  

 
Figure 2. The redistribution of power lines, A is the active anodic 
dissolution zone, B is the passive anodic dissolution zone, C are power 
lines in the active zone, C’ are power lines in the passive zone 

These patterns are confirmed by the experimental processing 
of beryllium bronzes (see Fig. 4). 

 
Figure 3. The dependency between the current output U on the 
electrodes for beryllium bronze and 30KhN2MFA steel components 
(non-considering the abrasive impact) 

current in the electrolyte loop can be calculated using the 
known dependency: 

3R

uuz
I 





     (5) 

where u  is the loop voltage drop, 3R  is the impedance of the 

interelectrode gap,   is the interelectrode gap, z  is the 
conductivity of the electrolyte. 

Research [Podurayev 1977] presents an expression to calculate 
electric conductivity considering gas production: 

2
0

0
2

exp

гФ

Э

VF

DzTR
zz






      (6) 

where R  is the universal gas constant, ЭT
 is the electrolyte 

temperature, D is the factor accounting for hydrogen pressure 

in gas bubbles, фF
 is the Faraday constant, г  is the gas 

density, 0z
 is the specific electrolyte conductivity. 

Based on the above, the expression for metal removal with 
anodic dissolution on the elementary area can be written down 
as: 

    



 


 tx

tSzu
Q nЭ exp0

,         (7)
    

where гФ

Э

VF

DzTR
x

2

0

2 




,   Q  is the metal dissolution rate 
on the elementary area. 
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After an abrasive grain pass, the processed surface forms an 

elementary area. If we know the number of areas N that occur 
at any given moment, we can calculate: 

     tNSQQ nЭХ  
 ,     (8) 

where N  is the number of areas and t  is the time 

increment. The only unknown value in equation (2) is N , i.e., 
the number of areas occurring at any given moment. To obtain 
a dependency that can be used for the calculation of the 

number of areas that occur at any given moment t , review 
Figure 5. 

 
Figure 5. The flowchart for the calculation of the electrochemical 

removal of metal considering surface renewal due to abrasive impacts 

Assume that at the moment 0t  the workpiece level in question 
is processed by the tips of the protruding abrasive grains. 
When abrasive grains contact the surface of the metal, 
elementary areas occur there. However, as individual cuts 
overlap, the majority of grains have incomplete contact with 
the material. It does not span the entire width of the abrasive 
grain. Other abrasive grains only experience individual risks. In 
this case, areas are not formed. 
The number of grains contacting the material is proportional to 
the probability of its non-removal. Thus, by analyzing the 
probability of grain tips contacting the material, we can 
calculate the number of areas formed at the moment τ. The 
probability of such area occurrence is equal to the probability 
of gain profile passing through the metal. For instance, if, 

during Dτ, level u  located within 0u  to фtu 
 is passed by 

  grains, the number of areas occurred is: 

 MPPn  
,        (9) 

where  MP  is the probability of material non-removal at τ at 
the level W. 

However, some of the areas formed at  enter the processing 
zone of one of the grains considering the overlap and can be 
cut at any moment: 

  t ,       (10) 

where t  is the given moment in time,    is the area existence 
time. 

To determine the number of areas at any moment t, we need 

to multiply the formation probability of the area nP
 by the 

probability of the area formed during   at the level W  not 
being cut. 

     MPMPN N 
,    (11) 

where 
 MPN  is the probability of the area formed during 

  at the level W  not being cut. 

The number of grains passing through the section W  during 

  can be calculated based on the distribution density  

      uufnVK 3 ,  (12) 

where 3n  is the number of grains in the volume unit of the 

working layer of the tool, u  is the distance from the simulated 

external surface of the tool to the grain tip, and kV
 is the 

peripheral speed of the tool. 

By approximating the distribution function of the working grain 

number 
 uf

 using the power dependence 

1



u

Hu , we get: 

 







 



W

x

x

u

k duu
H

x
nV

0

1

3

  (13) 

where uH
 is the thickness of the working layer of the disk 

used for the calculation of the abrasive grain number n3,


 is 
the power index. 

After integration on u , dependency (4) looks as follows: 

 



x

u

x

k

H

WnV 3

   (14) 

The probability of the material not being removed at   at the 

level W  is determined with the following dependency: 

    ;exp yaMP 
   (15) 

where 
 ;ya

 is the sum of grain cross-sections at the level 

W  over the period from 0t  to   is determined using the 
expression: 

      ybkya c 3;
   (16) 

where ck  is the chip formation factor,   is the number of 
grains passing through an individual section, 

n

bbb
yb n33231

3

...
)(




is the width of abrasive grain 
profiles. 

When the grain profile is approximated with a power 
dependency (a rotational paraboloid in the simplest case) 

   mфb uytcyb 3     (17) 

where bC
, m  are grain shape factors, 

y
 is the distance from 

the external surface of the workpiece to the level in question. 

Over   , the workpiece surface is passed by a section with an 

arc length of 
 kV

. 

Of the total number of grains that pass through the section, the 

profile width 
 yb3  can be observed in the grains whose tips 

are in the disk layer 
  KVu1

. The number of these 

tips can be calculated using the distribution density )(uf . 
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    uufVn K3    (18) 

After the respective substitutions, we get an expression for the 

calculation of 
 ;ya

: 

      uufuytCVnkya m

фbKC ][; 3 (19). 

During the steady-state anode-mechanical grinding, the 
component size changes continuously and in proportion to the 

processing time. In the surface section located at a distance 
y

 

from the base plane, the material starts to be removed at 0t  
when the tips of the protruding grains start passing through the 
level in question. The material can be removed completely 
when the grain leaves the contact area.  

Shifting from a discrete model to a continuous one, we 
get an integral equation that determines the changes in the 
probability parameter in the contact zone between the 

workpiece and the disk at   at the level W : 

   







yS

t

ck dduufbkVnya
0

33

0

;

(20) 

Having approximated the distribution function  uf  with a 

power dependency and after the integration on u  and  , we 
get: 

 
      
   

,
11

1
;

1
03

y
x

u

mx
ykbc

SmxГxmH

tSVnxГmГCkx
ya









(21) 

where 
   1);(;1  mxГГmГ 

 are the values of G 

functions; 
S y  is the speed of the working tool surface in the 

workpiece material in the feed direction. 
Denote the following: 

   

   
,

11

1 3






mxГmxH

VnxГmГСkx
A

x
u

kbc

 (22) 

mx
yASQ 

     (23) 

Since 0t  is the moment when the first grain passes through a 

level, the calculation formula for  ;ya  looks as follows: 

  1;   mxmx
ySAya 

 (24) 

By substituting (7) in (6) we get an expression (8) for the 

calculation of material non-removal probability at  at the level 
W . 

  ]exp[ 1 mxQMP 
   (25) 

The probability  MPN  of the area formed at the level W  

over the time   not being cut during    can be calculated 
as follows: 

          ataaMPN  expexp
 (26) 

Having performed similar transformations, we get an integral 
equation that can determine the changes in the sum of grain 

cross sections at the level W  over   , 

    




t Sy

dufbta






0

3

    




 


0 0

3

t

Sy

dufba

   (27) 

By using power dependencies for the approximation of abrasive 
grain profiles and the distribution function, after integration 
(10) we get: 

 
   

   
,

11

][1 1
3

y
x

u

mx
ykbc

SmxГmxH

SVnxГmГCkx
ta








 
   

   
.

11

][1 1
3

y
x

u

mx
ykbc

SmxГmxH

SVnxГmГCkx
a









 

Denoting 

=

   

   
,

11

1 1
3

y
x

u

mx
ykbc

SmxГmxH

SVnxГmГCkx



 

 (28) 

we get an equation for the calculation of 
  a

: 

      11   mxmxtataa 
 (29) 

After the substitution of (11) in (9), the calculation expression 

for the probability of the area formed over   at the level 

W  not being cut during   looks as follows: 

   ]exp[ 11   mxmx
N tMP 

 (30) 

Substitute (5), (8), (12) in (3) and assume: 

 

 
 

    1113
expexp  


 mxmxmx

u

x

yk
t

H

SnV
N 






 

(31) 

Denote: 

,
3

G
H

SnV

x
y

x
yk



Kmx  1  

In this case, the equation for the calculation of   N  
considering the notations above can be written down as: 

  )exp( Kx tGN  
  (32) 

After the substitution of (1) and (13) in (2), the calculation 
dependency for the electrochemical metal removal increase 
taking into account surface renewal through abrasive impacts 
can be written down as follows: 

  )exp()exp( Kx
nЭХ tGtctSQ  

(33) 

Denote 
LGctSn 

, then 

    )exp()exp()exp( KxKx
ЭХ ttLttLQ

(34) 

After the integration of expression (14) on  , we get an 
integral equation that describes electrochemical metal removal 
taking into account surface renewal due to abrasive impacts. 
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 dttLQ
t

Kx
ЭХ  

0

)exp(

 (35) 

Further integration is only possible when the values of 

parameters x  and K  are known. With 
3,5.1  Kx

, 
expression (15) looks as follows: 

.
3

0

5,1 dteLQ tt
t

ЭХ


 

, 

 dttLQ
t

ЭХ  
0

35,1 )exp(

 (36) 

Equation (16) can be used to calculate the electrochemical 
removal of material taking into account workpiece surface 
renewal due to the abrasive impacts in any point of the contact 
zone between the disk and the workpiece and trace the area 
cutting patterns with individual abrasive grains. 

3 APPLICATION OF MATHEMATICAL MODELS 

Example: Calculate эхQ
 when grinding copper workpieces. 

Grinding mode: 
- the peripheral speed of the tool , 

- the speed of the tool in the feed direction 
610yS

 ms, 

-  current density , 9.0CK , 
-  1/m2 for disks with a 

granularity of 250 um,  
- electrochemical copper equivalent .  
The calculation can be performed with: 

  ,1c  ., .1ct   
Calculate the integral using numerical integration, and search 
interval 0;3.  

Figure 6. The dependency between metal removal speed in the contact 

zone levels within the actual cutting depth 

The calculation data (see Figure 6) show that when passing the 
disk/workpiece contact zone, the rate of metal removal is 
increased within the actual cutting depth to a specific level, 
reaches maximum, and is then reduced as it approaches the 

level corresponding with фt ; then approaches zero. Based on 
this calculation, we can assume that during the first contact of 

the disk and the workpiece (at the moment t0), the material 
starts to be removed. In this case, the number of operating 
cutting edges is greater than the number of areas formed.  
Therefore, the number of areas formed initially will be 
increasing. After several disk/workpiece contact instances, the 
number of the disk's cutting edges in operation will be balanced 
by the number of elementary areas formed and will then be 

reduced. Thus, the number of formed elementary areas on the 
surface of the workpiece will reach a maximum and then be 
reduced, until the number of areas approaches zero at the 

depth of фt . 
The electrochemical removal of the material taking into 
account surface renewal due to abrasive impacts is affected by 
all of the grinding modes. As they change, the slope of the 
ascending and descending branches of the curve changes as 
well, along with the length and position of the maximum (see 
Figure 7). Increasing disk speed and workpiece passivation 
degree, as well as maximum cutting depth reduction result in 
the reduction of curve lengths, and their maximum shifts 

toward smaller values of W . 

With 0 , i.e., when there is no passivation, the 

electrochemical removal of metal эхQ
 reaches a maximum 

value for the grinding modes in question. 




t

t

ЭХ dteLQ


 
35.1

   (37) 

The obtained data show that the removal of metal is 
significantly affected by passivation that occurs during anode-
mechanical grinding. As the passivation capacity of the 
electrolyte increases, the rate of electrochemical removal is 
reduced, and processing precision is increased. When there is 
no passivation, the workpiece surface is etched along the grain 

borders. To simplify the calculations of эхQ
 , introduce NK

 
those accounts for the impact of passivation on the 
electrochemical removal of the metal taking into account 
surface renewal due to abrasive impacts. 
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(38) 

In this case, the expression describing the rate of 
electrochemical material removal taking into account surface 
renewal with abrasive impacts looks as follows:  
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2106



   (39) 
The rate of material removal with mechanical cutting can be 
calculated based on the evaluation of the shift of the equal 
probability of metal removal before and after the contact of the 
workpiece surface section and the tool [Novoselov 1979].  

 

Figure 7. The dependency between metal removal rate QEH and the 
mode parameters. Where for curve : 1 – α = 0.1, 2 – α = 0.4, 3 – α = 0.8, 
4 – α = 1.2 

In the case of plunge-cut grinding, the dependency looks as 
follows: 

 ,    (40) 

where з  is the grain tip rounding radius. 
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Thus, the rate of material removal with mechanical cutting is 
equal to the movement speed of the tool's working surface in 
the workpiece material in the feed direction. After some simple 
transformation of dependency (18), we get an expression that 
can be used for the calculation of material removal with 
mechanical cutting. 
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3
3
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
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Summing up expressions (17) and (19), we get an equation for 
the calculation of the total material removal rate for plunge-cut 
anode-mechanical grinding: 

3
Фn AtBkQ  .    (42)  

The analysis of equation (20) shows that, compared to the 
standard abrasive processing, combined grinding can help 
improve the efficiency of processing by the value of the 
electrochemical removal taking into account the abrasive 
impacts. The analysis of equation (20) shows that, compared to 
the standard abrasive processing, combined grinding can help 
improve the efficiency of processing by the value of the 
electrochemical removal taking into account the abrasive 
impacts. 

Figure 8 Shows the dependency between the rate of material 

removal м/с,Q  and the medium passivation degree   and 

the tool feed  at , ,    

are the experimental data. 

 
Figure 8. The dependency between the rate of material removal and 
the medium passivation degree 

The adequacy of the produced mathematical model was 
evaluated by comparing the calculated and experimental data 
using specially developed equipment (see Figure 9 a, b, c).  

The material removal was evaluated using a BIM-5 microscope 
as the average difference between the diameter and doubled 
indentation depth h after processing, measured in two 
perpendicular directions. The measurement error is 

0.0005 mm. The relative error of the calculated and 
experimental data does not exceed 15%, which indicates 
sufficient adequacy of the developed models.  
To assess the operability of products after electrochemical 
grinding, they were compared with workpieces processed with 
mechanical grinding, which is the most popular finishing 
method for device components. To this end, we designed and 
produced a special setup (low-frequency relaxer) shown in 
Figure 10. 

 

 
Figure 9. The specially developed equipment 

 

Figure 10. Low-frequency relaxer 

For comparative tests, we used DA-9 accelerometer rockers 
bade of BrB2 and 36KhNYu-VI steel with the same surface 
roughness of Ra=0.16. 
The operability of components was determined using their 
durability. Durability was viewed as a result of random factors, 
i.e., as a random value. The number of cycles before 
destruction D was assumed as a random value [Hu 2022]. 
To test this, we experimented with two batches of samples 
made of beryllium bronze BrB2 and 36KhNYu-VI steel that 
underwent grinding under the following modes: 

Batch 1: в 3U , , , 

(following the X-ray research, this mode formed compressive 
residual stress in the surface layer of workpieces) [Bratan 
2006];  

Batch 2: в 3U , ,  

(residual stresses in the surface layer of workpieces are 
insignificant) [Bratan 2006];  
Batch 3: obtained with the mechanical grinding of the materials 

in question: в 0U , ,  [5 

Bratan 2006]. 
The samples were subjected to cyclic loads until their 
destruction. 
We used the experimental data to develop sample distribution 
laws (Figure 11). 
The analysis of Figure 11 shows that the stability of parameter 
D for workpieces that underwent electrochemical grinding is 
significantly higher than the stability of parameter D that 
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underwent mechanical grinding. The stability of this parameter 
is higher in the workpieces that do not have residual stresses in 
the surface layer. 

  

a)                                            b) 

Figure 11. The distribution laws for samples, a) made of BrB2, b) made 
of 36KhNYuF-VI steel 

Thus, the electrochemical grinding of device components helps 
significantly improve the durability. 

4 CONCLUSIONS 

1. The conducted qualitative and quantitative assessments 
demonstrate the adequacy of mathematical models. The 
difference between experimental and calculated values made 
up 5-10%. This helps use these models to control process 
parameters in a wide variation range during the grinding of 
various materials. 
2. The electrochemical grinding helps improve the operability 
of components operating at varying loads compared to 
mechanical grinding. The guaranteed durability values are 
higher in the products featuring compressive residual stresses 
in the surface layer. 
3. The study of electrochemical grinding operations [Bratan 
2006] shows that if the parameters, processing modes, and 
grinding cycle are selected properly after its adjustment, the 
required precision parameters and component surface 
roughness can normally be achieved from the start of the tool 
operation.  
Tool wear results in grains on its surface becoming blunt and 
areas forming on their tips. This affects the quality of the 
processed surface. The said phenomena need to be accounted 
for during the development of the mathematical models of this 
process. The developed problem demonstrates the prospects 
of further development in this area. 
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