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solution.
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The paper deals with the kinematic analysis of the robot model.
The matrix method of kinematic analysis is used. The robot
mechanism is an open kinematic chain. The position, velocity
and acceleration vector of the end point of the robot arm is
determined in the Matlab program. Computer simulation is also
performed in the MSC Adams program.
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INTRODUCTION

The task of the kinematic solution of coupled mechanical
systems is to investigate the dependence of the coordinates of
the driven kinematic pairs on the coordinates of the global
coordinate system. The effort is to determine the movement of
its important points and members, to determine the position,
corresponding velocities and accelerations.
We can solve kinematic analysis of mechanisms in analytical,
graphical and experimental ways. The development of
computers broadens the application of analytical methods. The
connection of computers with the means of displaying
calculation results on the screen or on paper largely eliminates
the shortcomings of analytical methods resulting from the low
visibility of the obtained results. Computers with their software
enable the most accurate determination of the parameters
[Smrcek 2003, Karban 2006, Vagas 2011, Abramov 2015, Bozek
2014, Nikitin 2022, Virgala 2014, Garcia 2015, Semjon 2016 and
2020, Sapietova 2018, Saga 2020, Segota 2020, Kuric 2021].
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a)

DESIGNED CONCEPTS OF ROBOT KINEMATICS

Analytical methods of solving mechanisms are based on the use
of methods of analytical geometry, tensor and matrix calculus,
complex variable and other areas of mathematics. These
methods are connected to coordinate systems and lead to
scalar equations for the quantities being sought.
However, matrix methods are often the most advantageous for
constructing algorithms of a general nature for solving
kinematic and force quantities of mechanisms of different
composition. Matrix notation is compact, illustrative, and
suitable for use in a computer environment. It enables an easy
transition from symbolic equations to scalar equations and is
suitable for numerical methods applicable on a computer. The
theory of simple open kinematic chains has a direct application
in the kinematic analysis of various manipulators and robots,
which are often formed by the mentioned chains. We can
decompose the motion of two bodies into a finite number of
basic motions [Brat 1981, Stejskal 1996, Virgala 2012, Hroncova

b)
Figure 1. a) Manipulator with a two-link robotic arm with generalized
coordinates q1 = ϴ1, q2 = ϴ2, b) kinematic scheme of two-link robotic
arm with generalized coordinates
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EVALUATION OF BIPEDAL ROBOT CONCEPTS

The solution to the movement of the manipulation arm in the
shape shown in Fig. 1, composed of two members, can be
presented as follows: Member 1 of length L1 rotates around
axis z1 by angle θ1 and member 2 of length L2 rotates around
axis z2 by angle θ2 (Fig. 1). It is necessary to investigate the
absolute movement of the end point M and to determine the
position vector r0M of the point M with respect to the base 0
and to express the velocity v0M and the acceleration a0M of the
point M with respect to the base 0. We determine the position
of point M using the transformation matrices of basic
movements.
When solving the position of the end point of the manipulator,
we encounter the solution of the inverse problem of
kinematics. Considering the required location of the end point
M (Fig. 2) of the robotic arm, we need to determine what the
angles of rotation of the joints should be so that the end point
M is placed at the desired location. We calculate the inverse
kinematics problem. When solving the motion of two members,
there is usually more than one solution as shown in Fig. 2.
This is a typical problem in robotics that must be solved to
control the movement of a robotic arm to perform the tasks we
require. In a two-dimensional space with two terms L1 and L2
bound by rotational bonds and given the required endpoint
coordinate M, the problem reduces to finding both angles. The
first angle θ1 is between the first arm and the base. The second
angle θ2 is between the first arm and the second arm. For the
solution, we will use equations in the form:
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and desired final positions. This indicates that the angular
velocity and angular acceleration of the two angles are zero at
time t = 0 and t = tf.
The coefficients in these polynomials (3) and (4) are
determined from the initial and final conditions for the
movement of the end point M, where a4 = 0, a5 = 0, b4 = 0, b5 =
0. Their degree is chosen in such a way that with them they
expressed all the prescribed conditions. After setting the initial
and final conditions and solving the system of equations, the
other coefficient values are as follows: a1 = 0.3272, a2 =
-1.6362, a3 = 2.1817, b1 = -0.0982, b2 = 0.4909, b3 = -0.6545.
After determining them, we can represent the trajectory of the
end point M. With the known values of the angles, we
determine the position of the point. We solve the direct task of
kinematics. When the manipulator moves with arms of length
L1 = 0.4 meters and L2 = 0.3 meters and at the position of points
θ10 = -38°, θ20 = 98°, θ1fin = 62°, θ2fin = 68°, the position of point M
during the movement is shown in Fig. 3.

(1)
(2)

Figure 2. The starting M0 and ending Mfin position of the point M

We determine the angles of both arms at the beginning θ01, θ02
at time t = 0 and at the end of the movement θtf1, θtf2 at time t
= tfin (the final time will be denoted also with tfin or ttf) in Fig. 3.
From equations (1) and (2) with the known position of the
starting point M0 at time t = 0 and at the end position of point
Mfin, at time t=tfin we calculate individual angles θ01, θ02 at the
starting position xM0 and yM0 of point M0. We proceed in the
same way for the final position xMtf and yMtf of the point Mfin,
where we obtain the angles of both arms θtf1, θtf2.
When solving a direct problem of kinematics, we determine the
position of the end point M, which is described by equations (1)
to (2) and obtain the trajectory of the point M.
4

FORWARD KINEMATICS OF THE RR MANIPULATOR

The two-member robotic arm is formed by members 1 and 2
according to Fig. 1 with lengths L1 and L2. The arms are
connected by one rotary kinematic pair to the frame and are
connected to each other by a second rotary kinematic pair. The
drives are stored in rotary kinematic pairs. The rotation angle in
kinematic pairs is indicated by the angles θ1 and θ2.
We are looking for the time course of angular rotations θ1 and
θ2 in the form of a 5th degree polynomial:
(3)

Figure 3. Trajectory of the point M

Representation of endpoint position for parameters:
L1 = 0.4;
L2 = 0.3;
theta1 = 0:0.1:(3*pi)/2;
theta2 = 0:0.1:(3*pi)/2;
for all combinations of positions of angles θ1 from 0 to (3/2)π
and angle θ2 from 0 to (3/2)π in Fig. 4:

(4)
where a6 = θ1(t = 0) a b6 = θ2(t = 0) are the initial angles of
rotation at time t = 0:
(5)
(6)
from which we will determine the vector coefficients to ensure
the desired movement:
(7)
a = [a1 a2 a3 a4 a5]T
(8)
b = [b1 b2 b3 b4 b5]T
For the required initial coordinates (x, y) at time t = 0 and the
required final coordinates at time t = tfin = tf the required value
for the angles θ1(t = 0), θ2(t = 0), θ1(t = tf), θ2(t = tf) can be found
using trigonometry. For the given values of the angles θ1(0),
θ1(tf), a set of equations will be compiled in matrix form and
solved for the coefficients a. Similarly, for the given values of
the angles θ2(0), θ2(tf), a set of equations will be compiled in
matrix form and solved for coefficients b. These results will be
printed and used to plot the trajectory of the end point M. Side
constraints on the motion of the robot arm are that the velocity
and acceleration of the members are zero at the known initial

Figure 4. Coordinates x-y for all θ1 and θ 2

The course of the angular quantities with the known trajectory
of the end point M in Fig. 3 of the end point M is shown in Fig.
5.
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Table 1. Coordinates of the points A, B, C, D

A

B

C

D

xi [m]

0.4

0.7

0.4

0.1

yi [m]

-0.3

0.0

0.3

0.0

When moving from point A to point B, from point B to point C
and finally from point D to point A, we expect that the end
point will draw a closed curve, which will be a circle (Fig. 8).
Arm rotation angles in the initial and final positions are
calculated using the solution of the inverse kinematics problem
and their size is in Tab.2.
Table 2. Sizes of initial and final rotation angles when moving along
trajectories between points A-B, B-C, C-D, D-A
Figure 5. Course of angular quantities of angles θ1 and θ2, angular
velocities ω1 and ω2 and angular accelerations α1 and α2

The block diagram for solving the problem of inverse dynamics
in SimMechanics for calculating moments in individual joints is
in Fig. 6.

A-B

B-C

C-D

ϴ10

-74°

0°

ϴ20

90°

0°

90°

-90°

ϴ1tf

0°

74°

0°

0°

ϴ2tf

0°

-90°

180°

-180°

0°

D-A
0°

The shape of the trajectory in the movement from point A to
point B, from point B to point C and finally from point D to
point A is, as expected, the circle in Fig. 8.

Figure 6. Scheme in SimMechanics to determine the moments τ1 and τ2
as a function of time in the joint of member 1 and 2

By solving the inverse problem of dynamics using
SimMechanics in the Matlab/Simulink program, we can
determine the course of moments τ1 and τ2 (Fig. 7) in the
individual joints of the two-member arm of the manipulator
from Fig. 1.

Figure 8. Trajectory of point M (from–to): A-B, B-C, C-D, D-A

Figure 7. Courses of moments τ1 and τ2 depending on time in the joint
of member 1 and member 2

The maximum magnitude of moments in the joints of the
robotic arm of lengths L1 and L2 is τ1 = 20.8183 Nm and τ2 =
0.4888 Nm.
5

TRAJECTORY OF THE END POINT, COURSE OF ANGULAR
QUANTITIES AND MOMENTS IN KINEMATIC PAIRS

We are looking for the course of the trajectory of the
manipulation arm with member lengths L1=0.4m, L2=0.3m (Fig.
1) determined during its movement from the starting point A to
points B, C and D and back to point A. The position of points A
to D is given in Tab.1

From the known position of the end point of the members at
the beginning of the movement and at the end of the
movement, by interpolating the 5th degree polynomial, the
rotation angles, angular velocity and angular acceleration of
both arms are determined, the magnitude of which is shown
graphically in Fig. 9.
When solving the inverse problem of dynamics, we then
determine the magnitudes of moments (Fig. 10) in individual
kinematic pairs of both arms. Based on the results obtained by
computer simulation, we can build a real model and design
servo drives based on calculations. When designing servo
drives, it is necessary to take into account the maximum
magnitude of the load on the mechanical system when
handling various loads [Trojanova 2021]. It is necessary to
oversize the drives for specific requirements intended for the
specific purpose of using the manipulator.
From the magnitude of the moments in Tab. 3, it is clear that
when moving from point C to point D and then from D to the
starting point A, larger moments are needed in both kinematic
pairs than when moving from point A to B and then from B to
point C.
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a)

a)

b)

b)

c)

c)

d)

d)
Figure 9. Course of angular quantities of angles θ1 and θ2, angular
velocities ω1 and ω2 and angular accelerations α1 and α2 for the section:
a) A-B, b) B-C, c) C-D, d) D-A

Figure 10. Courses of moments τ1 and τ2 depending on time in the joint
of member 1 and member 2 for the section: a) A-B, b) B-C, c) C-D,
d) D-A
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Table 3. The maximum size of the moments τ1max and τ2max in the
section between the points A-B, B-C, C-D, D-A

6

A-B

B-C

C-D

D-A

τ1max [Nm]

2.4775

2.478

2.4903

2.4899

τ2max [Nm]

0.4565

0.4565

0.4896

0.4892

Using the Hartenberg-Denavit method, mutual position is
expressed using four parameters of two lengths ai, di and two
angles αi, ϴi, which is shown in Fig. 12.

MODEL OF THE RRRR MANIPULATOR

Mechanical systems of manipulators mostly represent open
kinematic chains. The manipulator in Fig. 11 is composed of a
base 0 on which the stand 1 is fixed and a manipulation arm,
composed of two members 2 and 3, at the end of which the
effector 4 is connected.
We introduce coordinate systems in individual members
according to Fig. 11. The movement of member 1 with respect
to the base 0 is rotated by an angle θ01. The coordinate system
O1, x1, y1, z1 of member 1 is rotated by an angle θ01 with respect
to the base coordinate system O0, x0, y0, z0. We choose the
generalized coordinate q1 = θ01.

Figure 12. Denavit - Hartenberg parameters

The resulting matrix of the transformation of the coordinate
system Oi to Oi+1 is in the form:
(9)
where:
TZ3(di) - expresses the translational movement in the direction
of the axis z with di,
TZ6(ϴi) – rotational movement around an axis z with angle ϴi,
TZ1(ai) – translational movement in the direction of the axis x
with ai,
TZ4(αi) – rotational movement around the axis x with angle αi.
The form of the matrix results from the type of joint:
(10)

Figure 11. Model of RRRR manipulator on a fixed stand with
generalized coordinates q1 = ϴ01, q2 = ϴ12, q3 = ϴ23, q4 = ϴ34

The coordinate system O2, x2, y2, z2 of member 2 is rotated by
the angle θ12. The coordinate system O2, x2, y2, z2 of member 2
with respect to the coordinate system O1, x1, y1, z1 is rotated by
the angle θ12 and we choose the generalized coordinate q2 =
θ12. The coordinate system O3, x3, y3, z3 of the member 3 with
respect to the coordinate system O2, x2, y2, z2 rotated by the
angle θ23 and we choose the generalized coordinate q3 = θ23.
The coordinate system O4, x4, y4, z4 of member 4 is rotated by
the angle θ34 with respect to the coordinate system O3, x3, y3,
z3. We choose the generalized coordinate q4 = θ34. The position
of the endpoint M in the space of member 4 is r4M = [0 0 0 1]T.
Our task is to investigate the absolute movement of the point
M with respect to the basis 0.
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MATRIX METHOD FOR SOLVING THE KINEMATICS OF A
ROBOT MODEL

There are several methods for expressing the geometric
arrangement of arms and joints of manipulators. They try to
define coordinate systems representing the individual arms of
the manipulator and their mutual positional transformation in a
simple and systematic way. The positional transformation of
two consecutive coordinate systems depends on the given
constant geometric parameters, which include the geometric
shape of the arms, the joints and their mutual configuration,
and on the joint coordinates, which include the current position
of the joints. Among the most famous methods is the DenavitHartenberg method. Using the Denavit–Hartenberg parameters
(D-H parameters) (Fig. 12), a table of parameters (Tab. 4) is
compiled on the basis of which the position of the end point of
the manipulator arm is determined using the matrix method.

(11)

(12)

(13)
After substitution, the resulting transfer matrix is:

(14)
For the robot model in Fig. 13 is the form of the Denavit–
Hartenberg parameters shown in Tab.4.
Table 3. Denavit-Hartenberg parameters for the manipulator RRRR

i

αi [°]

ai [m]

ϴi [°]

di [m]

0

π/2

0

q1

L1

1

0

L2

q2

0

2

0

L3

q3

0

3

0

L4

q4

0

We are looking for the position, velocity and acceleration of
point M. Then the drifting motion of this member is
determined by the motion of point M and expressed using the
basic decomposition to the reference point M and described by
the equation:
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The form of the matrices results from the type of joint:
(15)
The relative spherical
transformation matrix:

motion

is

described

by

the
(27)
(16)

We will write the transformation matrices between the
individual coordinate systems in kinematic pairs using the
transformation matrices of basic movements. The matrix
equation of the trajectory of point M with respect to the
coordinate system of the base 0:
(17)
where matrix T04:

(28)
The transformation between the coordinate system of member
2 and member 3 is described by a matrix T23, when q3 = ϴ23:
(29)
The form of matrix:

(18)
(19)

(30)

(20)

(31)
The transformation between the coordinate system of member
3 and member 4 is described by a matrix T34, when q4 = ϴ34:
(32)
The form of matrix:
(33)

(34)

Figure 13. Kinematic scheme of the manipulator RRRR

The transformation between the coordinate system of base
member 0 and member 1 is described by a matrix T01, where
q1 = ϴ01:
(21)

The position vector r0M of the point M of member 4 in the
coordinate system of the base 0 using the basic matrices:
(35)
An example of the m-file for determining the position vector
r0M of the manipulator with the kinematic diagram in Fig. 13 is
in Fig. 14.

The form of the matrices results from the type of joint:
(22)
The form of the matrices, when we mark s=sin, c=cos:
(23)
after installation q1=π/2:
(24)
after calculation:
(25)
The transformation between the coordinate system of member
1 and member 2 is described by the matrix T12, when q2 = ϴ12:
(26)

Figure 14. M-file of the position vector r0M of point M with D-H
parameters
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The components of the vector r0M to individual axes x, y, z
determined using Denavit - Hartenberg parameters are shown
in Fig. 15. The resulting transformation matrix T04 determined
using D-H parameters is shown in Fig. 16.

Figure 15. Components of the position vector r0M to individual axes
determined using D-H parameters

The magnitude of the position vector of the point M |r0M|
determined using D-H parameters is marked in Fig. 14 as r_0M
and is shown in Fig. 17.

Figure 19. Trajectory components of point M of mechanical y0M=f(x0M),
z0M=f(x0M), z0M=f(y0M)

The position of the end point M of the manipulator with the
kinematic diagram in Fig. 20 is expressed in the following
section using the transformation matrices of the basic
movements.

Figure 16. The resulting transformation matrix T04

Figure 17. The magnitude of the position vector |r0M| of point M

Courses of individual quantities in graphic form are for values L1
= 0.2[m], L2 = 0.4[m], L3 = 0.3[m], L4 = 0.2[m], ω01 = 7 [rad/s], ω12
= 0.05 [rad/s], ω23 = 0.05 [rad/s], ω34 = 0.05 [rad/s], t = (0: 0.05:
15) are shown in Fig. 18 and Fig. 19.

Figure 20. Kinematic scheme of the manipulator RRRR for solving using
transformation matrices of basic movements

The transformation between the coordinate system of base 0
and member 1 of the manipulator model in Fig. 20 is described
by the matrix T01, when q1 = ϴ01, s = sin, c = cos:
(36)

(37)

(38)

The transformation between the coordinate system of member
1 and member 2 is described by the matrix T12, when q2 = ϴ12:
(39)
Figure 18. Trajectory components of point M of mechanical system
x0M=f(t), y0M=f(t), z0M=f(t)

The form of the matrices results from the type of joint:
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(40)

(48)
The matrix equation of the trajectory of point M with respect to
the coordinate system of the base 0:
(49)
The components of the vector r0M to individual axes x, y, z are
shown in Fig. 22.

(41)

The transformation between the coordinate system of member
2 and member 3 is described by the matrix T23, when q3 = ϴ23:
(42)
The form of the matrix:

(43)

Figure 22. Components of the position vector r0M to individual axes

The resulting transformation matrix T04 is shown in Fig. 23.

(44)
The transformation between the coordinate system of member
3 and member 4 is described by a matrix T34 when q4 = ϴ34:
(45)
The form of the matrix:
(46)

(47)

Figure 23. The resulting transformation matrix T04

A sample of the m-file for determining the position vector r0M
(35) using the transformation matrices of basic movements
according to Fig. 21.

Figure 21. M-file of the position vector r0M of point M with
trasformation matrix

The magnitude of the position vector of the point M |r0M|
determined using the methodology is identical to r_0M and is
shown in Fig. 17.
The quantities determined by the matrix method are shown
graphically in the Matlab program in the next part of the article.
For the courses of individual quantities in graphic form, they
are for values L1 = 0.2[m], L2 = 0.4[m], L3 = 0.3[m], L4 = 0.2[m],
ω01 = 7 [rad/s], ω12 = 0.05 [rad/s], ω23 = 0.05 [rad/s], ω34 = 0.05
[rad/s], t = (0: 0.05: 15) shown in Fig. 24 and Fig. 25.

Figure 24. Trajectory components of point M of mechanical system
z0M=f(t), x0M=f(t), y0M=f(t)

Position vector r4M of point M of member 4 in the coordinate
system of member 4:
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From r0M we calculate the velocity v0M and acceleration a0M of
point M by deriving it according to time in symbolic form with
respect to the coordinate system of the base O0, x0, y0, z0.

a)

Figure 25. Trajectory components of point M of mechanical z0M=f(x0M),
y0M=f(x0M), y0M=f(z0M)

8

b)

SOFTWARE SIMULATION

An example of a simulation of a manipulator model with a twolink robotic arm in MSC Adams/View software is presented in
this section. The computer model is shown in Fig. 26. The
manipulator consists of a stand, two arms of weight m1 and m2,
length L1 and L2, and a working tool. The movable arms are
placed on a fixed base. The solid base ensures its stability in
operation [Bozek 2021].

c)
Figure 27. Trajectory of the center of gravity of the end member a)
y=f(x), b) y=f(z), c) x=f(z)

Figure 26. A model of a two-link robotic arm on a fixed base in MSC
Adams/View

A working tool, in our case a basket, is attached to the movable
arm of the upper part. With the tool, the manipulator performs
the required movement. Our goal is to describe the movement
of the end member (end-effector). The previous parts of the
paper were also devoted to solving the direct task of kinematics
(Fig. 27). Postprocessor is a presentation tool for modelling. It is
a tool for creating, processing, modifying and presenting
simulation results. In the Postprocessor, we can display the
model in its current state, and we can also display the
simulation results using a file in *.avi format. It also enables the
output of numerical values in the form of tables, and we can
process numerical results in the form of tables and graphs.
The movement of the arms takes place in the vertical plane,
therefore the influence of gravity is also considered. The model
does not take into account clearances and frictional effects in
the joints. The flexibility of individual arms is not considered
either. Driving moments are derived by servo drives in
individual kinematic pairs. They ensure the movement of the
shoulders. The course of kinematic quantities in graphic form is
shown in Fig. 28 and Fig. 29.

Figure 28. Position of the center of mass of the end-effector
a) xM = f(t), b) yM = f(t), c) zM = f(t)
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Figure 29. Velocity of the center of mass of the end-effector a) vxM =
f(t), b) vyM = f(t), c) vzM = f(t)
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