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This paper presents a comprehensive kinematic analysis of a
two-link SCARA-type manipulator, focusing on the trajectory
planning of its end-effector along a circular path. Using the
FANUC SR-3iA/U as a reference platform, both inverse and
forward kinematics were analyzed, with MATLAB simulations
performed to generate smooth motion profiles based on fifth-
order polynomial interpolation. The results demonstrate the
manipulator’s capability to execute precise, continuous
trajectories while operating within workspace constraints.
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1 INTRODUCTION

The current advancement of manufacturing technologies,
coupled with the rapid onset of digitalization in industry,
presents new challenges in the fields of technical sciences and
engineering practice. Automation and robotics have become an
integral part of modern manufacturing processes, with
applications ranging from mechanical engineering and
construction to agriculture, healthcare, and various service
industries. In response to the demands for precision, reliability,
and flexibility, the development of new robotic systems focuses
on optimizing motion and expanding the manipulation
capabilities of robots [Majidi 2018, Adekola 2024, Singh 2024,
Won 2024].

Modern production lines across various industrial sectors heavily
rely on industrial robots. In practice, SCARA (Selective
Compliance Articulated Robot Arm) robots are frequently
employed for their efficiency in assembly line operations.
Robotic arms, mounted on fixed or mobile platforms, are used
for a wide range of handling tasks [Omodei 2000, Li 2020, Ulrich
2016, Sun 2023, Coronel-Escamilla 2017].

From a kinematic perspective, industrial robots consist of
interconnected rigid bodies forming different types of kinematic
chains, most commonly open chains or closed loops. When two
bodies in a kinematic chain are connected in a manner that
constrains their relative motion, they form a kinematic pair,
typically linked by a joint. In robotics, the most common types
are translational (prismatic) and rotational (revolute) kinematic
pairs [Bozek 2014, Carbone 2016, Lee 2018, Alam 2023, Kim
1990].

Prismatic pairs enable linear motion, ideal for tasks requiring
precise positioning. Revolute pairs, by contrast, allow rotational
movement around a defined axis and are essential for
operations requiring complex and dexterous motions, such as
those in multi-axis robots used in machining or assembly.
Kinematic problems can be addressed using analytical,
geometric, or experimental methods. Analytical approaches
typically involve mathematical equations and transformations to

describe manipulator motion. Forward kinematics is generally
straightforward, whereas inverse kinematics can be
computationally more challenging. Geometric methods, such as
line transformations, provide alternative perspectives that may
simplify analysis. Experimental methods bridge the gap between
theoretical modeling and real-world applications [Hroncova
2012, 2023, 2024, Karupusamy 2024, Ju 2014, Kucuk 2006].
With the development of computer technology, experimental
methods have become closely integrated with computational
tools, enabling direct measurement of motion parameters
during operation and improving measurement accuracy. Matrix
methods in kinematics, due to their compact and intuitive
representation, are highly suited for computational
implementation and are now widely used [Fu 2013, Duleba
2013, Doriot 2004, Daya 2010].

In the following sections, we present a computational model and
determine the trajectory of a robot’s end effector during motion.
The analysis begins with the inverse kinematics problem,
followed by forward kinematics. The study introduces a
methodology for kinematic analysis of a two-link robotic arm
mounted on an upper fixed base. Both links are connected via
revolute joints and perform rotational motion. The primary focus
is to investigate the motion of the manipulator’s end effector
along a circular trajectory, deriving the profiles of angular
variables in the joints and the corresponding time-dependent
trajectory of the end effector, along with other kinematic
relationships.

2 ANALYZED SCARA ROBOT

The objective is to analyze the motion of a robot end effector
following a circular trajectory, using the ceiling-mounted FANUC
SR-3iA/U (Fig. 1) robot as the experimental platform.

The FANUC SR-3iA/U robot is designed for high-speed and
precise positioning, eliminating the “dead zone” typical of
conventional SCARA robots. Its unique construction allows full
utilization of the workspace beneath the arm and optimal
distribution of the working area. Designed for cost-effectiveness
and ease of configuration, it serves as a practical alternative to
more expensive delta robots, making it suitable for a wide range
of assembly, packaging, and material-handling tasks. With a
pressing force of up to 150 N and very high operational speeds,
it excels in pick-and-place applications, demonstrating versatility
and productivity across diverse operating environments [Fanuc
2025].

The analysis of end-effector motion for the FANUC SR-3iA/U in a
circular path requires consideration of multiple methodological
and design aspects supported by the current state of research.
FANUC robots, known for their precision and efficiency, can
benefit from dynamic pose correction algorithms based on real-
time feedback, enhancing the accuracy of the end-effector
position. Experiments with FANUC robots have demonstrated
position accuracy of +0.050 mm and orientation accuracy of
+0.050°, which is crucial for consistent performance in complex
trajectories, including circular motion [Gharaaty 2018].

In industrial applications where predefined path tracking is
required, time-optimal motion control is often essential. This
involves advanced higher-order inverse kinematics methods and
resolving kinematic redundancy to achieve time-optimal motion
along a specified trajectory. In this context, the FANUC SR-3iA/U
can benefit from modern path-planning algorithms that consider
its specific mechanical and control characteristics [Reiter 2018].
Motion planning strategies such as the manipulability-based
optimal rapidly-exploring random tree (RRT) method are
effective in enabling efficient trajectory tracking while avoiding
singularities and optimizing joint configurations. This ensures
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that the robot operates within its motion constraints while
maintaining high manipulability of the end effector throughout
the operation [Shen 2023].

When programming the robot for circular motion, the selection
and tuning of waypoints and speed settings play a critical role.
Smooth blending between motion primitives, such as Cartesian
linear and circular segments, must be optimized to minimize
tracking errors, especially near singularities or in extreme arm
postures. A systematic approach involving careful waypoint
selection and adjustment of motion primitives enhances both
tracking accuracy and speed uniformity [He 2024, Jia 2024].

In summary, the FANUC SR-3iA/U can efficiently execute circular
end-effector tasks by employing dynamic pose correction,
advanced inverse kinematics, and sophisticated path-planning
algorithms. These methods, supported by contemporary
research, provide a solid foundation for robust motion control
and optimization in industrial environments.

i
Figure 1. FANUC SR-3iA/U [Fanuc 2025]
The kinematic scheme represents a SCARA-type robot consisting
of two revolute joints and a terminal link performing
translational motion (Fig. 2). The rotation angle of the first arm
is denoted as 8, the rotation angle of the second arm as 8,, and
the translational displacement of the terminal link as ds.
The manipulator model in Fig. 2 illustrates the range of motion
of the end effector during robot operation.
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Figure 2. A two-link robotic arm of SCARA on an upper fixed base

The subsequent section addresses the inverse and forward
kinematics of the two arms shown in Fig. 2. Trajectories of the
end effector between selected workspace points will be
determined, the workspace will be visualized, and the profiles of
angular variables at the manipulator joints will be obtained.

3 THE INVERSE KINEMATICS

We analyze a two-link robotic arm with link lengths Ly = 0.4 m
and L, = 0.3 m. The arm is fixed on an overhead base. Revolute
joints are located at points O, and O,, with rotation angles 6, and
0, for the first and second arms, respectively. The generalized
coordinates of the two-link arm (Fig. 2) are g and q,, where g, =
91 and g2 = 92.

The forward kinematic equations determining the position of the
end point P[xp,yp] given known 6, and 6, are:

xp = Lycos0; + Lycos(6, + 6;) (1)
Yp = Llsin91 + Lzsin(91 + 92) (2)

The motion of point P is analyzed for the base coordinate system
Oo,X0,Y0,20. Link 1, with coordinate system Oq,x3,y1,21, rotates
with angle 6; around axis zp = z3, where 8, = 64(t). Link 2 rotates
with angle 6, around axis Oz = z;, where 8, = 0,(t).

In inverse kinematics, we proceed oppositely compared to
forward kinematics: from a known position of P[xp,yp], we
determine 8, and 8, using Egs. (1) — (2). This problem generally
has multiple solutions, a common challenge in robotics. 6,
represents the rotation of the first arm relative to the base, while
0, represents the rotation of the second arm relative to the first.
We will compute the arm angles at the initial position of point Py
given the coordinates xpo and ypo at time t=0, yielding values for
010 and B2. Next, at the final position of point Piwin with
coordinates Xpitfin and Ypitfin at time t=tsn, we will determine the
corresponding angles B1in, and B,5in. Calculations are performed
for a circular path between points A-H (Fig. 3), with coordinates
listed jn Tables 1-2. Points J and K represent maximum reach.
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Figure 3. The positions A, B, C, D, E, F, G, H, J, Kwithin the workspace

Table 1. Coordinates xi, yi of the points A, B, C, D, E

03 04 04 03 -
0.3
- 04 03 03 04 04

Table 2. Coordinates xi, yi of the points F, G, H, J, K

------
- 04 03 07 -07
- 03 -03 -04 00 00

By solving Egs. (1) — (2) for the initial and final positions, the joint
angles at each position are determined (Tables 3 and 4).
Table 3. Angles when the endpoint moves between points A-B, B-C, C-D,

--_--
- -90° -73.74° -73.74° 90°
- 90° 90° -90° -90°
- -73.74° 0° 90° 163.74°
- 90° 90° -90° -90°

Table 4. Angles when the endpoint moves between points E-F, F-G, H-A,
and J-K

- 163.74°  106.26° = -106.26° -90° 0°

- -90° 90° -90° -90° 0°
- 180° 180° -90° 16.26°  180°
- -90° 90° -90° -90° 0°
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The paths along which the end point will move between the
specified points will be determined by solving the forward
kinematics problem in the next section.

4 THE FORWARD KINEMATICS

To ensure smooth motion with continuous position, velocity,
and acceleration profiles, the end-effector trajectory is
generated using fifth-order polynomial interpolation for each
joint. The angular displacement of Link 1 is given by:

01(t) = a;t> + ayt* + ast® + a,t? + ast + ag (3)
Similarly, the angular displacement of Link 2 is expressed as:
0,(t) = byt5 + byt* + bst® + byt? + bst + bg (4)

The coefficients a; and b; (i=1,...,6) are computed from the
boundary conditions of the motion.

For the circular motion case analyzed here, the second link
maintains a constant relative angle to the first link, resulting in
zero coefficients in equation (4). Thus, only the coefficients
a1,a,,a3 for equation (3) are non-zero, as listed in Tables 5-7.

Table 5. The coefficients as, a2, as of the polynomial (3) of points A-E

0.0532 0.2413 0.0532 0.2413
-0.2661 -1.2066 0.2661 -1.2066
0.3547 1.6088 0.3547 1.6088

Table 6. The coefficients as, a2, a3 of the polynomial (3) of points E-H

0.0532 0.2413 0.0532
0.2661 1.2066 0.2661
0.3547 1.6088 0.3547

Table 7. The coefficients as, a2, a3 of the polynomial (3) of points H-K

0.2413 0.5890
1.2066 -2.9452
1.6088 3.9270

Subsequently, we derive the trajectory profile for the angular
values from Table 3 and Table 4 as the end point moves through
the individual points whose coordinates are given in Table 1 and
Table 2. The feasibility of this motion needs to be evaluated
within the workspace of the two-link manipulator. The
workspace of the end point for arms with lengths L; and L,, given
the joint angle constraints 0° < 8; < 360° and 0° < 6, < 180°, is
illustrated in the following figures. The plots of the individual
trajectories y; = f(x;), where i = 1,2,...,9, showing the transition of
the end point from A to B, then B-C, C-D, D-E, E-F, F-G, G-H,
H-A, and J-K, are presented in Fig. 4.
Trajectory k1, kz' k3, k4, ks’ ke' k.,, ks' k9

y(m

x (m)
Figure 4. The trajectory components of the end point as it transitions
from the initial position at point A to the final position at point B, and
subsequently from point B to point C, C-D, D-E, E-F, F-G, G-H, H-A, and
J-K

The trajectory generation must comply with the manipulator’s
workspace constraints: 0° < 8; < 360° and 0° < 6, < 180° (Fig.5).

The complete workspace is segmented into operational zones
based on 6, intervals:

o p: 0°<6,<30°

* q: 30°<6,<60°

o : 60°<0,<90°

o 5:90°<0,<120°

o u: 120°<6,<150°
o w: 150°<6,<180°

This zoning allows for a better understanding of reachable
positions and facilitates optimized waypoint placement during
trajectory planning.
The end-effector follows a predefined closed path, passing
sequentially through points A-B, B—C, C-D, D-E, E-F, F-G, G—H,
H-A, and J-K. The coordinates of these points (given in Tables 1
and 2) serve as input for solving the inverse kinematics problem,
yielding the joint angles required for each segment. These joint
angles are then used as the start and end conditions for the fifth-
order polynomials, ensuring smooth transitions between
segments.
The generated polynomial coefficients define not only the
positional path but also the velocity and acceleration profiles of
each joint, ensuring jerk minimization—a crucial factor in
reducing wear, improving accuracy, and maintaining stability in
high-speed industrial operations.

Workspace for 0°501 <360°and 0°sn925180°

0.6
0.4
0.2

1.2,../9

scow-~av

o

-0.2

y [, i

-0.4
-0.6

05 0 0.5
x [m], i=1,2,..9

Figure 5. Coordinate pairs (x, y) are plotted for various combinations of
01 (0° to 360°) and 6, (0° to 180°)

The graphical representation of kinematic parameters obtained
by this method will be presented in the following sections of the
paper.

5 GRAPHICAL
PARAMETERS

The kinematic behavior of the two-link SCARA manipulator was
evaluated exclusively for the first link, as the second link
maintained a fixed relative position throughout the motion.
Consequently, only the angular displacement 6i(t), angular
velocity wi(t), and angular acceleration a;(t) of the first link were
analyzed. The results, obtained from MATLAB simulations, were
evaluated over time for each segment of motion between
predefined points along the end-effector’s trajectory. The
simulated motion sequences included A-B, B-C, C-D, D—E, E-F,
F-G, G—H, and H-A.

For each trajectory segment, 8;(t) was computed using the fifth-
order polynomial interpolation described in Eq. (3), ensuring
smooth transitions in position, velocity, and acceleration
between waypoints. The resulting plots (Fig. 6) illustrate the
continuous evolution of 8; during motion, showing how the Link
1 angle changes as the end-effector moves along different parts
of the circular path.

REPRESENTATION OF KINEMATIC
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Figure 6. The rotation angles 01 of Link 1 (arm 1) as the endpoint
transitions from the initial point A to the final point B (A-B), continuing
through B-C, C-D, D-E, E-F, F-G, G-H, H-A
The angular velocity profiles w4(t) (Fig. 7) provide insight into the
dynamic response of Link 1. The fifth-order polynomial
interpolation ensures zero initial and final velocities for each
segment, preventing abrupt speed changes that could lead to
mechanical stress or vibration. The velocity curves highlight
regions of peak motion demand, which are particularly
important for evaluating motor sizing, drive selection, and
control loop tuning.

Link 1, Angular velocity w,

1791, k1,k3,k5,k7
— )
Ty 1t 1,k2,k4,k§,k8
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©
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- 0.5+ 1
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Time1(sec)
Figure 7. The angular velocity wi of Link 1 (arm 1) as it transitions from
the initial point A to the final point B (A-B), followed by B-C, C-D, D-E,
E-F, F-G, G-H, H-A

Similarly, the angular acceleration profiles al(t) of Link 1 are
illustrated in Fig. 8.
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Figure 8. Angular accelerations a: when the endpoint is moving from
the initial point A to the final point B (A-B), followed by B-C, C-D, D-E,
E-F, F-G, G-H, H-A

Other dependencies between the kinematic quantities of Link 1
are shown in the following figures (Fig. 9, Fig. 10, Fig. 11).

ILink 1, ‘w1=f(91)l —w, =K(0
—w, =f(0
=f(9
—-w, =f(6
=f(o
—w, =f(¢
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-2 -1
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o
o
|
_E

1,k6)

1 2 1,k7)
B'l ( rad) _w'l =f(91,k8)
Figure 9. Angular velocity wi dependent on the rotation angles 6:
of Link 1 (arm 1)
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Figure 10. Angular acceleration oz dependent on the angular velocity w:
of Link 1 (arm 1)
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Figure 11. Angular acceleration au dependent on the rotation angles 61
of Link 1 (arm 1)

In the next part, the trajectory ko (Fig. 9) is analyzed, which
represents motion at the maximum reach of the manipulator
arm. This configuration generates the largest moment arm and
thus the most significant dynamic demands on the drive system.
The corresponding 0; (Fig. 10), w, (Fig. 11), and as profiles (Fig.
12) show notably higher acceleration peaks compared to
trajectories within the central workspace region, emphasizing
the importance of workspace position in motion planning.

Trajectory kg: J-K

0.8
k9
0.6
E 04
>

0.2
K J

04
02 xK=-O.T; yK=D; xJ=0_7; yJ=0
-0.5 0 0.5

x [m]
Figure 9. Trajectory ke at maximum extension
Angle 0,, k,: J-K

3
g2
=
_91,JK,k9
0
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Time (sec)

Figure 10. The rotation angle 81 at maximum extension
Angular velocity w,, k,: J-K

3
w
;32
®
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Figure 11. Angular velocity w1 at maximum extension
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Angular acceleration o, kg: J-K
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Figure 12. Angular acceleration a1 at maximum extension.

The methodology demonstrated here — using MATLAB for
simulation, polynomial trajectory generation, and graphical
evaluation of kinematic variables — applies not only to circular
motion but also to arbitrary end-effector paths. It offers a
practical framework for both industrial optimization of motion
planning and for educational use in teaching forward and inverse
kinematics principles.

6 CONCLUSIONS

This study presented a detailed kinematic analysis and trajectory
planning methodology for a two-link SCARA-type manipulator,
using the FANUC SR-3iA/U as the experimental reference
platform. Both inverse and forward kinematic models were
derived, enabling the precise determination of joint angles
required for predefined end-effector positions. The use of fifth-
order polynomial interpolation provided smooth angular
displacement, velocity, and acceleration profiles, ensuring
continuous and vibration-free motion between target points.
Simulation results in MATLAB confirmed that the proposed
method enables accurate end-effector motion along a circular
path while respecting the mechanical and workspace constraints
of the manipulator.

The presented approach applies not only to industrial
applications requiring high-speed pick-and-place operations but
also in educational environments for teaching forward and
inverse kinematics. Future research will focus on integrating
dynamic modeling, optimizing time-parameterized trajectories
for energy efficiency, and validating the method through
physical experiments on the FANUC SR-3iA/U platform.
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